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Abstract

In the framework of the isomonodromy deformation method, we present
a constructive procedure to obtain the critical behaviour of Painlevé VI
transcendents and solve the connection problem. This procedure yields
two- and one-parameter families of solutions, including trigonometric and
logarithmic behaviours, and three classes of solutions with Taylor expansion at
a critical point.

PACS numbers: 02.30.Hg, 02.30.Jr

1. Introduction

The sixth Painlevé equation is

2 2
d_yzl[l+L+ ! }(ﬂ) _[l+ L }d_y
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The generic solution has essential singularities and/or branch points in 0, 1, co. Its behaviour

at these points will be called critical. The other singularities, which depend on the initial

conditions, are poles. A solution of PVI can be analytically continued to a meromorphic

function on the universal covering of P'\{0, 1, co}. For generic values of the integration

constants and of the parameters «, S, y, 6, it cannot be expressed via elementary or classical
transcendental functions. For this reason, it is called a Painlevé transcendent.

Solving (PVI) means: (i) determine the critical behaviour of the transcendents at the
critical points x = 0,1, 00. Such a behaviour must depend on two integration constants.
(ii) Solve the connection problem, namely, find the relation between couples of integration
constants at x = 0, 1, oo.

In this paper, we present a procedure to compute the first leading terms of the critical
behaviour at x = 0. The procedure, which in the title and in the paper is called matching, is

[a+ﬁ% +y ] (PVD).
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essentially the isomonodromy deformation method. The reason for our terminology is that we
make particular use of the matching between local solutions of two different reductions of the
linear system of ODE associated with (PVI) by the isomonodromy deformation theory. This
matching allows us to obtain the leading term(s) of the asymptotic behaviour of a corresponding
Painlevé transcendent y(x). In this sense, we say that our approach is constructive. Namely,
we do not assume any behaviour of y(x); rather, we obtain it from the matching condition.
This differs from other authors’ approach, who start by assuming a given asymptotics for
y(x) and then compute the corresponding monodromy data (and so they solve the connection
problem). This kind of approach was successfully used for some of the Painlevé equations
and allowed many progresses. Our approach is developed to tackle with the cases when we do
not know—or we are not able to guess—the asymptotic behaviour. In the case of (PVI), we
may say that most of the solutions are known. But for some points in the space of monodromy
data, we still do not know the corresponding critical behaviours. Our work is motivated by
the need to explore these remaining cases.

Once the local matching is done, as a second step, we proceed with a global description of
the solutions of the associate linear system of ODE, in order to compute its monodromy data.
These are the monodromy data associated with the solution y(x), of which the asymptotic
behaviour has been obtained by the precedent step. Again, this computation is done by
a (global) matching, among solutions of the two reduced systems and that of the original
one. This approach, for (PVI), first appeared in [16]. It is the main powerful point of the
isomonodromy deformation method. The monodromy data are computed in terms of the
coefficients of the linear system of ODE, which are elementary functions of the parameters
(namely, the integration constants) appearing in the leading term of the asymptotic behaviour
of y(x). The inversion of the formulae expressing the monodromy data gives the leading term
of y(x) in terms of the monodromy data.

The procedure can be repeated at the other singularities x = 1, co. In the case of (PVI),
x = 0, 1, oo are equivalent by symmetry transformations. These facts allow us to solve the
connection problem'.

A characteristic of this paper is that we obtain non-Fuchsian isomonodromic systems
when we reduce the linear system of ODE associated with (PVI). This point will be clearly
explained later. A matching procedure, to obtain asymptotic behaviours, has been used for the
fifth Painlevé equation by Andreev and Kitaev [2]. An analogous scheme is used in [1].

As a result of the matching procedure, we obtain (1) a two-parameter family of solutions,
of the type found by Jimbo [16]. Besides, we show that there are solutions with trigonometric
behaviour. (2) One-parameter families of solutions, including a class of logarithmic solutions.
(3) The solutions which admit a Taylor expansion at x = 0. (4) Then, we compute
the corresponding monodromy data. In virtue of the symmetries of (PVI) (birational
transformations of (x, y(x))), it can be shown that the solutions with Taylor expansion at
x = 0, obtained by the matching procedure, are the representatives of three equivalent classes,
which include all the solutions admitting a Taylor expansion at a critical point.

! For reasons of space, we limit ourselves to the computation of monodromy data, without explaining how the
connection problem is practically solved once the monodromy data are computed and how the analytic continuation
is done. We refer the reader to [5, 8, 9, 11, 16]. The behaviours at x = 1 and x = oo, and their dependence
on the monodromy data, are deduced from the behaviour at x = 0 by symmetry transformations. PVI is
invariant for the change of variables y(x) = 1 — y(¢),x = 1 — ¢ and simultaneous permutation of 6y, 0;. This
means that y(x) solves PVI if and only if y(¢) solves PVI with permuted parameters and independent variable .
Similarly, PVI is invariant for y(x) = 1/3(¢), x = 1/t and simultaneous permutation of 0., 6p. It is invariant for
y(x) = @(@)—1)/(1 —t),x =t/(t — 1) and simultaneous permutation of 6y, 6. By composing the third, first and
again third symmetries, we get y(x) = y(¢)/t, t = 1/x with the permutation of 0y, 6. Therefore, the critical points
0, 1, oo are equivalent.
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As already stressed, the purpose of this paper is to present a constructive procedure to solve
(PVI) and to show its effectiveness by both reproducing known solutions and by finding new
ones. It is not our purpose here to discuss the problem of characterization and classification
of all the solutions of (PVI) in terms of the monodromy data of the associated linear system.
Nevertheless, we show that the matching procedure is effective to produce new solutions,
associated with monodromy data for which the connection problem has not been studied so
far. Therefore, it is a tool to study the classification problem. This will be done in another

paper.

Part I. Matching procedure and results

2. Matching procedure

PVl is the isomonodromy deformation equation of a Fuchsian system of differential equations
[17]:
dw

o A(A, x,0)W, AX,x,0) = |:

reC.
(D

The 2 x 2 matrices A;(x, ) depend on x in such a way that the monodromy of a fundamental
solution W (A, x) does not change for small deformations of x. They also depend on
the parameters «, 8, ¥, 8 of PVI through more elementary parameters 6 = (6o, 6y, 61, O)
according to the following relations:

Ag(x,0) N Ac(x,0) . A(x,0)
A A—x A—1 |

0 1

—Aw i =Ag+ A+ A, = —%%3, O # 0; eigenvalues (A;) = ize,-, i=0,1,x;
1 1 1 1 1

=~ (0 — 1)7, —B = =65, = 07, ——58) =6 2

o 2( ) ) B 770 14 271 ) 2V 2

Here, o3 is the Pauli matrix. The equations of monodromy-preserving deformation
(Schlesinger equations) can be written in Hamiltonian form and reduce to PVI, being the
transcendent y(x) solution of A(y(x), x, 8);, = 0. Namely,

x(Ao)12
x[(Ap i+ (ADil — (ADi
dy(x)

The matrices A;(x,6),i = 0,x,1, depend on y(x), I and f y(x) through rational
functions, which are given in [17]. In short, we will write A; = A; (x).

The product of the monodromy matrices My, M,., M, of a fundamental matrix solution W
at A = 0, x, 1, respectively, is equal to the monodromy at A = oco. The order of the products
depends on the choice of a basis of loops. As a consequence, the following relation must hold:

y(x) = (3)

cos(mbp) tr(M{M,) + cos(mwby) tr(MoM,) + cos(mb,) tr(M; M)
= 2c0s(0) + 4 cos(mwh;) cos(mwby) cos(mby).

2.1. Leading terms of y(x) as a result of matching

We present the constructive procedure to obtain the leading terms of a solution y(x), when
x — 0. This procedure has been used for the fifth Painlevé equation by Andreev and Kitaev
[2]. An analogous scheme is used in [1].
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Since we are considering x — 0, we divide the A-plane into two domains. The ‘outside’
domain is defined for A sufficiently big:

AL =[x, Sour > 0. )
Therefore, (1) can be written as

dw Ag+ Ay A= /x\" A
= + — —) + v, 5
dx [ A A Z(x) ,\—1} )

n=1

The ‘inside’ domain is defined for A comparable with x, namely,
AL X, 8 > 0. 6)
Therefore, A — 0 as x — 0, and we rewrite (1) as

dw Ay A, >
— =24 —A Y | Wl 7
dir [x A—x '; } @

If the behaviour of Ag(x), A{(x) and A, (x) is sufficiently good, we expect that the higher
order terms in the series of (5) and (7) are small corrections which can be neglected when
x — 0. If this is the case, (5) and (7) reduce respectively to

Nour
d¥our Ag+ A, A, ()C)” Ay
= +— —-) + Your, 8
dx Y Py ; A o= | o ®
Nin
d¥in Ao Ay
=|—+ —A A W, 9
m |: Tt 1 ; IN 9

where NN, Nour are the suitable integers. The simplest reduction is to Fuchsian systems:

dWour Ag+Ay A
= =+ ‘-IJ s 10
an |: . . 1i| out (10)
d¥in Ag Ay
=|—+ YN 11
da [ A A— xj| N an

It is a new feature of this paper that we will use reduced non-Fuchsian systems. In the
literature, the Fuchsian reduction has been privileged, but we show that in some relevant cases
it cannot be used, being the non-Fuchsian reduction necessary.

Generally speaking, we can parameterize the elements of Ag+ A, and A; of (10) in terms
of 0, the eigenvalues of Ay + A, and the eigenvalues 6, of Ag + A, + A;. We also need
an additional unknown function of x. In the same way, we can explicitly parameterize the
elements of Ag and A, in (11) in terms of 6y, 6,, the eigenvalues of Ay + A, and another
additional unknown function of x. When the reductions (8) and (9) are non-Fuchsian, particular
care must be paid. This will be explained case by case in the paper. Our purpose is to find
the leading term of the unknown functions when x — 0, in order to determine the critical
behaviour of Ag(x), A;(x), Ax(x) and (3).

The leading term can be obtained as a result of two facts:

(i) Systems (8) and (9) are isomonodromic. This imposes constraints on the form of the
unknown functions. Typically, one of them must be constant.
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(i) Two fundamental matrix solutions Yoyt (A, x), WiNn(A, x) must match in the region of
overlap, provided this is not empty:

Wour(h, x) ~ WUn(A, x), IxfPour <Al < x]PN, x — 0. (12)

This relation is to be intended in the sense that the leading terms of the local behaviour of
Woyr and Wiy for x — 0 must be equal. This determines a simple relation between the two
functions of x appearing in Ao, A,, Ay, Ag + A,. (12) also implies that iy < Sour.

Practically, to fulfil point (ii), we will match a fundamental solution of (8) for A — 0,
with a fundamental solution of (9) when u := A/x — 00, namely with a solution of

NN
d¥y Ag Ay A
=|—+ —xA; x"ut | YN, W= —. (13)

To summarize, matching two fundamental solutions of the reduced isomonodromic
systems (8) and (9), we obtain the leading term(s), for x — 0, of the entries of the matrices
of the original system (1). The procedure is algorithmic, no a priori assumption about the
behaviour being necessary.

This method is sometimes called coalescence of singularities, because the singularity
A = 0 and A = x coalesce to produce system (8), while the singularity u = % and u = oo
coalesce to produce system (13). Coalescence of singularities was first used by Jimbo [16] to
compute the monodromy matrices of (1) for a class of solutions of (PVI) with leading term
y(x) ~ax'"°,0 <Reo < 1.

2.2. Computation of the monodromy data

Let W be a fundamental matrix solution of (1), and let My, M,, M, M, be its monodromy
matrices at A = 0, x, 1, oo, respectively (Mo, is the product of My, M., M,, the order
depending on the choice of a basis of loops). As a consequence of isomonodromicity, there
exists a fundamental solution Woyt of (8) such that

MY =My, M = M,

where MPYT and MQUT are the monodromy matrices of Wour at A = 1, 00. Moreover,
MQYT = MyM, or M, M, depending on the order of loops. A detailed proof of these facts
can be found in [9]. There also exists a fundamental solution Wy of (9) such that

MY = M, MY = M,,

where M(I)N and M ;N are the monodromy matrices of Wy at A = 0, x.

The method of coalescence of singularities is useful when the monodromy of the reduced
systems (8), (9) can be explicitly computed. This is the case when the reduction is Fuchsian
(namely (10), (11)), because Fuchsian systems with three singular points are equivalent to a
Gauss hyper-geometric equation (see appendix A). For the non-Fuchsian reduction, in general
we can compute the monodromy when (8), (9) are solvable in terms of special or elementary
functions. This will be discussed case by case in the paper.

In order for this procedure to work, not only Woyt and Wy must match with each other,
as in subsection 2.1, but also Woyt must match with a fundamental matrix solution ¥ of (1)
in a domain of the A-plane and Wiy must match with the same W in another domain of the
A-plane.
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The standard choice of W is as follows:

[1+0 (})]aFoak, » = 00;
I+ 0MW)AToARCy, A — 0

WO = Yo(x)[I + O(A)] 0 0 — (14)
wx(x)[1+O(A—x)]()u—x)TY‘”()»—x)R*Cx, A— X
VIO + 00 — DI — DT — DR Cy, A — 1.

Here ¥ (x), ¥, (x), ¥ (x) are the diagonalizing matrices of Ag(x), Aj(x), A, (x), respectively.
They are defined by multiplication to the right by arbitrary diagonal matrices, possibly
depending on x. C,, k = 00,0, x, 1, are invertible connection matrices, independent of

x [17]. Each R, k = 00, 0, x, 1, is also independent of x, and

(0
0
R =0 if 6,¢Z, Re=1

<>l<

*
0

0
0

) , if 6, > O integer;

> , if 6, < O integer.

If 6 = 0,i = 0,x,1, then R; is to be considered the Jordan form (8 (1)) of A;. If
0 = 0, Row = 0. Note that for the loop A +— Ae* !, |A| > max{l, x|}, we immediately

compute the monodromy at infinity:
My = exp{—im0s} exp{2miRo}.

Let Wour and Wy be the solutions of (8) and (9) matching as in (12). We explain how
they are matched with (14).

(*) Matching ¥ <> Wour

A = oo is a Fuchsian singularity of (8), with residue —A,/A. Therefore, we can always find
a fundamental matrix solution with behaviour

1 oo
[1 +0 (—)] AT\ R,
Y

This solution matches with W. Also A = 1 is a Fuchsian singularity of (8). Therefore, we
have

\I,Match _

ouT = A — 00.

N Match __

our — A — 1.

YOOI + 00— DIG. — 1T (0 = DR OV,
Here COUT is a suitable connection matrix. ¥UT(x) is the matrix that diagonalizes the
leading terms of A;(x). Therefore, ¥ (x) ~ ¥OUT(x) for x — 0. As a consequence of
isomonodromicity, R; is the same of W.

Match

As a consequence of the matching W < Wi,

M, = C; ' exp{in6i03} exp{27iR;}C,

the monodromy of W at A = 1 is

with €, =T

We finally need an invertible connection matrix Coyr to connect lI/(I‘)/[StTCh with the solution
Wour appearing in (12). Namely, \Ilg’[{j‘”h = WYourCour-
(*) Matching ¥ < Wy
Match

As a consequence of the matching ¥ < Wgit", we have to choose the IN solution which

matches with WM This is Wah .= W Cour.
Now, A = 0, x are Fuchsian singularities of (9). Therefore,
O
IN

YN+ 00 — )] —x) T3 (L — )&,

r— 0;

A— X.
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The above hold for fixed small x # 0. Here, C(I)N and C)ICN are the suitable connection matrices.
(I)N (x) and ¥, (x)™N are the diagonalizing matrices of the leading terms of Ay(x) and A, (x).
For x — 0 they match with ¥ (x) and v, (x) of W in (14). On the other hand, as a consequence
of isomonodromicity, the matrices Ry and R, are the same as V.
By virtue of the matching ¥ <« \IJHI‘GI"“Ch, the connection matrices Cy and C, coincide
with the x-independent connection matrices C(I)N, CIN| respectively. As a result, we obtain the

monodromy matrices for W:

My = Cal expf{irbyos} exp{2miRy}Co, Co= C(I)N,
M, = C; ' exp{in6,03} exp{27iR,}Cy, C,=CN.

Our reduction is useful if the connection matrices C IOUT, C(I)N, C)ICN can be computed
explicitly. This is possible for the Fuchsian-reduced systems (10), (11). For non-Fuchsian-
reduced systems, we will discuss the computability case by case.

3. Results

In the following, it is understood that x — 0 inside a sector. Namely, arg(x) is bounded.

3.1. Critical behaviours: result I

The novelty of this paper is that the matching procedure is applied to non-Fuchsian systems
(8) and (9). As a result, we obtain all the solutions that admit a Taylor expansion

o0
y(x)=b0+b1x+b2x2+-~-:Zb,,x”, x — 0.
n=0

Precisely, we obtain the representative solutions of three equivalence classes, the equivalence
relation being the birational transformations [23] of appendix C and formula (19). Our result
is the following.

Theorem 1. The solutions of (PVI) with Taylor expansion at x = 0 are divided into four
equivalent classes (one being that of singular solutions y = 0, 1, x). The representatives can
be chosen as follows:

(1) Singular solution 'y = 1.
(2) 6 £ 1,01 — 05 & Z (representative of 61 £+ 0, & Z):

) 91—900+1+9,[(01—900)(91—900+2)+93—0§]
X) =
g 1 — 6o 2(000 = D (0o — 01) (0o — 01 — 2)
+ Y bu(61. o0, 6o, X" (15)
n=3

The coefficients are certain rational functions of 6y, 0o, 00, 0.
(3) 6 =05 # 1,00 = 0, (representative of 61 =0, € Z,0, =6y € Z):

y(x) = +ax+ Y by(a; 6o, Ox)x". (16)

1- o0 n=2

The coefficients are certain rational functions of 6y, 0, and a parameter a € C.
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(4) 65 = 1,601 = 0 (representative of 01 + 0 € Z, 65, € Z\{0}):

1—a

0

(1465 —02)x+ Y bula: 60: 0,)x". (17)
n=2

The coefficients are certain rational functions of 6y, 0, and a parameter a € C.

yx) =a+

The monodromy data associated with the above solutions are given in theorem 3.
The symmetry 6, — —6;, which leaves (PVI) invariant, transforms (15) into

01 + 00 — 1 +91[(9] +000) (01 + 000 — 2) + 607 — 67 ]

y(x) =
Ooo — 1 2(1 = O0) (oo +01) (0o + 01 — 2)
+ Y bu(=61, O, 00, 0)x". (18)
n=3

Here 0o, # 1, 01 + 0o & Z. The coefficients b, are the same as (15).

The convergence of the Taylor series can be proved by a Briot—Bouquet-like argument.
This will not be done here, for reasons of space. The reader can find the general procedure in
[14] and an application to the fifth Painlevé equation in [19]

Comments

(1) Characterization of solutions y(x) = Z:O:(] b,x", by # 0.

(a) There always exists one solution (15) when 6 — 6, ¢ Z; there always exists one
solution (18) when 6, + 6, & Z. The coefficients b,, depend rationally on 6,, x = 0, x, 1, oo.
(b) There is a one-parameter family of solutions equivalent to (16), when 0; £ 0, € Z and
6o £ 6, has a particular integer value. The coefficients b, depend rationally on a complex
parameter a and O, 6y. (c) Finally, there is a one-parameter family of solutions equivalent
to (17), when 6 £ 6, € Z, and 0, has a particular integer value; the coefficients b,, depend
rationally on a complex parameter a and 6y, 6,. The singular solutions y = 0, 1, x are possibly
obtained by birational transformations of (15), (16), (17).

The coefficients b,, can always be computed recursively by direct substitution into (PVI).
We will clarify these facts by some examples in appendix D.

(2) Characterization of solutions y(x) = 2130:1 b,x", by # 0.

These solutions are obtained from those of theorem 1 by the symmetry:

0, — 0y, Oy = O — 1, 01 — 0Oy,

19
O > 6y + 1; y(x)|—>i. 19
y(x)
The solutions obtained from the singular solution y = 1 and (15), (16), (17) are, respectively,
as follows:

(1) Singular solution y(x) = x.
2) 6y 0,60 £ 6, € Z:

6o BoBx [(Bo £ 6:)% + 607 — 02 + 26, — 2]
y(x) = X X
6o =+ 0; 2(60 % 6,)2[(6p & 6x)% — 1]
o0
+ Y ba(Bo, bx, 01, 0s0)x". (20)
n=3
(3) Op+6:=1,00#0,6, = £(0 — 1):
o0
y(x) = Oox +ax® + Z by (a; 0o, Ooo)x". Q1

n=3
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) 6, = 6y = 0:

ala—1)

=ax +
y(x) =ax 5

(0] — (0 — D> — 1)x* + Z by(a; 61, 0s)X". (22)

n=3

(a) (PVI) has always one or both solutions (20) when 6y + 6, ¢ Z. Also when 6y + 6,
(or 6y — 6,) is integer, (PVI) has a solution (20) corresponding to 6y — 6, not integer
(or 6y + 09, not integer). (b) When 6y + 6, or 8y — 0, is integer, (PVI) has a one-parameter
family of solutions equivalent (by birational transformations) to (21); this family exists
provided that 8; & 6 has a particular integer value. (c) When 6y + 6, or 6y — 0, is integer
and 6y has a particular integer value, there is a one-parameter family of solutions equivalent
to (22).

(3) (PV]) has a one-parameter family of solutions of the type
oo
y(x) = yo(x) + y1(x)ax? + y2(x)(ax®)* + - - = Z yv () (ax)N, x — 0, (23)
N=0
where the parameter is a € C, and yy(x)’s are Taylor series:

[o.¢]
@) =Y ben(@r, 0. 00,002, x 0.
k=0
Either yo(x) is (18) and w = £(0; + 0 — 1) or yo(x) is (15) and w = (O — 61 — 1).
The conditions |[Rew| < 1,w # 0 hold. The coefficients by (6, 6, 60, ) are certain
rational functions that can be recursively determined by direct substitution into (PVI). These
solutions are the images of solutions (25) and (26), respectively, through the symmetry (19).
Solutions (25) and (26) are a sub-case of theorem 2, obtained by the matching procedure.
Taylor solutions (15), (18) are a special case of (23), when the parameter is zero.
Solutions (16) and (17)—and their images by symmetry—are one-parameter families of
Type (23), in non-generic cases when w € Z.
Further study of one-parameter solutions, including non-generic cases when 6, and/or
some sum of two 6,’s are integer (including logarithmic one-parameter families), will be
presented in another paper devoted to the general classification problem.

(4) Solutions (15) and the equivalent solutions (18), (20) were also derived in [18] by
substitution of a Taylor expansion in (PVI). The corresponding monodromy was computed by
coalescence of singularities of a Heun’s type (scalar) equation.

3.2. Critical behaviours: result Il

We now consider cases when (1) can be reduced to the Fuchsian systems (10) and (11). Let o
be a complex number defined, up to sign, by

tr(MgM,) = 2cos(o), |Reo| < 1.
Actually, £0/2 are the eigenvalues of lim,_,o(Ag + Ay). The matching procedure yields the

following result.

Theorem 2. Let r € C and o be as above, with the restriction |Reo| < 1. (PVI) has a family
of solutions depending on the two parameters r, o. The leading terms of the critical behaviour
for x — 0 may be parameterized as follows:
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Foro #0,
%["27(9‘”9*)12;[7(?“79“)2702]xl_", if Reo > 0;
y(x) ~ —§x1“’, if Reo < O0; (24)
sliasinGonx+¢)+ S35 it Reo =0,

In the above formulae, r # 0 and

1
¢:=iln -~ A | B (B=tiro?T
' oA’ | o2 202 '

For special values of o # 0,

90 r

y(x) ~ aro T are X, o =+(6+6,) #0, (25)
90 r l+o
y(x)~90_9x$00_9x , o == —0) #0. (26)
X X
Foro =0,
020} a2, &
b~ oS8 e 22Ty B g £ on
x(r £6pInx), 6y = £0,.
Comments

(1) r can be computed as a function of the monodromy data. See (34) and comments there.
The sign (branch) of the two square roots appearing in ¢ and a is the same. x — Oina
sector of width less than 2.

(2) Sub-cases of theorem 2

(i) When o # 0, the result of the theorem includes sub-cases (25) and (26). If r = 0,
6y # 0,60 £ 6, ¢ Z, direct substitution into (PVI) gives the two Taylor
expansions (20).

Ifr # 0, (25) and (26) are a one-parameter family, with the restriction [Reo| < 1.
The symmetry (19) transforms them into solutions (23), the leading terms being,

respectively,
m~ O T £ +0 — 1) £0
X) ~ x?), o=+ - )
Y b — 1 oo — 1 !
900—91—1 r
e By (R o), — (6 — 0, — 1) £0,
y(x) 1 ( ew_1x> w==%(00 -0 —1) #

with the restriction |[Rew| < 1.
(ii) The case ¢ = 0 includes the sub-case y(x) ~ rx, which occurs for 6y = 6,, 6y = 0.
By direct substitution in (PVI) we obtain a series

o0
Y =rx+ Y by(r 01, 000)x", 6o=0,=0, r+#0,1.
n=3
This is again solution (22). Note that for r = 0, 1 we have the singular solutions
y = 0,y = 1. Also note that the special sub-sub-case 8y = 6, = 0; = 0 has
applications in the theory of semi-simple Frobenius manifolds of dimension 3 [7, 10].



Matching procedure for the sixth Painlevé equation 11983

(3) Solutions (24) were studied in [16]. Their existence was proved by assuming that the
matrices Ag, Ay, A have a certain critical behaviour for x — 0 and proving that such
matrices solve the Schlesinger equations. Then, the monodromy data were computed by
coalescence of singularity. These solutions where further studied in [5, 8, 9, 11]. We show
that these solutions can be obtained without any assumption by the matching procedure,
together with solutions (27), which do not appear in [16].

(4) The class of solutions (24) was enlarged in [11, 25], to the values 0 € C, ¢ ¢
(—00,0] U [1,+00). When Reo > 1 or Reo < 0, the critical behaviour is like the
first of (24) and it holds for x — 0 in a spiral-shaped domain in the universal covering of
a punctured neighbourhood of x = 0, along a paths joining a point xy to x = 0. Along
special paths which approach the movable poles, these solutions may have behaviour
y(x) ~ sin_z(%' Inx + p(x, r)), where ¢(x, r) is a phase depending on the parameter 7.
The transformation ¢ +— +o + 2N, N € Z, leaves the identity tr(MoM,) = 2cos(w o)
invariant. Its effect on the solutions is studied in [11]. As a result, one can reduce to the
values 0 < Reo < 1,0 # 0, 1. We cannot enter into more details here. The reader may
find a synthetic description of these results in the review paper [12].

(5) Solutions with expansion

y(x) =x(A;+ B Inx+C I x+ DI’ x +--)
+x2(Ay+Bylnx +-- )+, x— 0
are all included in theorems 1 and 2. Actually, only the following cases are possible:

b_x + 0(x?) (Taylor expansion),

B0,
y(x) = x(‘;ijjf +B 1nx+@1n2x)+x2(.-.)+..-, (28)
0 X
x(A; £60Inx) +x*(--)+--- and 6y = 6,.
A; and B; are the parameters. We see that the higher orders in (27) are O (x? In™ x), for
some integer m > 0.
(6) The symmetry (19) applied to solutions (27) gives
-1
4r 42000 — DT 40 — 1)?
y(x) ~ 4 (Gf—(em—l)z)[lnx— P+ 20 )}— 20— D ,
07 — (0 — 1)? 07 — (B0 — 1)?
namely,
4 8r+4(fs — 1) 1 1
Y@ = — : [1+ - © 2—+0< R )] (29)
[07 — (0o — 1)?]In x 07 — (6o — 1) Inx In? x
and
x) 1 1 r oL b FO, = 1
x) = , =1.
4 G —DInx | | (0w —Dlnx I’ x o

The higher orders O(1/ In® x) include powers x" (In x)*". The so-called Chazy solutions,
studied in [20] for the special case 6y = 6, = 6; = 0, 6, = —1, have the behaviour (29).

(7) When this paper was completed, I received a communication by the first author of [6].
In [6] it is proved that (PVI) has solutions with expansion at x = oo, or x = 0, of the
form y = ¢,x”" + ) cx’, ¢, € C. ¢’s are either complex constants or polynomials in
Inx. r and s are integer or complex. If r is complex, the restriction Rer € (0, 1) holds.
The method used in [6] is a power geometry technique. The connection problem and the
characterization of the associated monodromy data are not studied.
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(8) When this paper was already accepted for publication, I received a communication about
a recent work [24] on the asymptotics of the real solutions of (PVI). The asymptotic
behaviours obtained in [24] are of the type of our theorem 2, namely (24) and the first
behaviour in (27). The tool used is a method of successive approximations. So, the
results are local, and the connection problem is not studied. Moreover, some genericity
conditions on the coefficients of PVI seem to be necessary (so, for example, the second
solution in (27) cannot be obtained).

3.3. Monodromy: result Il

In this paper, we computed the monodromy for the Taylor-expanded solutions, which
correspond to non-Fuchsian reductions of system (1). Because of the symmetries of (PVI),
we can limit ourselves to the monodromy data for the representative solutions (15)—(17).

Theorem 3. (a) Let 6, € Z,x =0, 1, x, 00. A representation for the monodromy matrices of
solution (15) is

My = Cowo exp{inbyo3}Cyyl, M, = CoooCy,' exp{in6,03}Co1Cyl,
M, = exp{—in003}, My = exp{—im0s03}.

The matrices Cono and Cqyy are

P (149 — 555 ) P (1469) &' 3 lorrtoe—a1] P (142 - ) r(1—gp) o F - torio1)
F(%+%+%—‘%"+l)r(%‘]—%+%—‘%"+l) [‘(—%0—97*—0700+%1+1)F("7"—%0+%1—OT°°+1)
Co 1= r("%f‘%q)r(ue{))e‘%“’O*"”"l*"w] F(*’%,%l, )F(l—@o)e‘%["r"o*rf’ml ,» (0)
_ . r(fex)r(1+§>0) . _ r(zex)r(lfe(;) .
0, b 0, b o 22 6. [
Cor = r(7077u717°°+1)r(7077r+ﬁ77') r(,%,%,ﬁﬁﬂ)r(,%,i,% Tx) 31)
['(6,)T (1+60) [ (6,)T (1—6p)

The subgroup generated by MoM,. and M is reducible. As for solution (18), we just need
to change 0, — —0,.

(b) It is convenient to re-parameterize solution (16) by introducing a parameter s through the
equality
Ooo(2s +6, + 1)
T 200—-1)

Let 6., 0 & L. Then, a representation for the monodromy group is

My = G exp{in6,03)G ", M, = exp{—im0,03}

M, = Gexp{—inb,03}G~!, Mo, = exp{—imhs03).
In particular, M1 = My, MoM, = 1. We can choose G as follows:

1 1
GZ(% z)

Conversely, we may express s as a function of the monodromy data:
0x[2 cos(mw (Bso + 6;)) — tr(M; Mp)]
s = .
2[cos(7 (B — 65)) — c0s(7 (O + 6,))]
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(c) We re-parameterize solution (17) introducing a new parameter s defined by a =: (1 —s)~".
Let 6y, 6 &€ Z. Then, a monodromy representation for solutions (17) is

_ . -1 0
Mo = (Cox0) " explit003}Coco, Moo = (zm(l 9 _1)

-1 —1 . 1 0
M, = (Cx0)™ (Co1)™ exp{im6,03}Co1 Coco, M, = oris 1)

where Cx and Coy are (32) and (33). Conversely, we may express s as a function of the
monodromy data:

_ tr(My Mo) — 2 cos(r6p) (Coco)21
47 sin(7 0p) (Co0)22

The matrices Cooy and Cyy are

0 F(—HU)e’i”{%OJTX*%’
r(-%-%+3)r(-2+5+3)
Coc0 =2 % _6x 1 %  6x 1 00,60 .3 ’ (32)
F(*?*%*z)r(*?ﬁ‘*z) r@)e m-2+73+3!
(g e F-F -3 r(B-%+3)r(%+s+3)
(=0T (14+6p) (=60 (1-60)
oo [ T-Er (3t r( )44 -) 33
o= P (@IT (146)) F@Ir -6y

b 0x .3 b , Ox 1 % , 0x , 3 O, 6x 1
F(7+7+§)F(7+7+7 l=2+7+3))I\-2+5 2

The conditions 6, ¢ Z can be eliminated, and the computations can be repeated without
conceptual changes, but with different results.

In the above theorem, the subgroups generated by MoM, and M, are reducible. This
characterizes the monodromy associated with solutions which have a Taylor series at x = O.
The same characterization at x = 1 involves the subgroup generated by M; M, and My. At
x = 00, it involves the subgroup generated by MoM; and M, .? In another paper, we will again
consider this characterization, together with the general problem of classification.

Let us define again o by tr(MyM,) = 2cosmwo. Then, in case (a), 0 = (0] — 0)
(and £(6; + 6,) for the change 6, — —6;). In case (b), tr(MyM,) = 2 and 0 = 0. In
case (c), tr(MyM,) = —2, 0 = =£1. The matching procedure is effective to produce solutions
corresponding to monodromy data for which the connection problem is so far not well studied,
such as the case tr(M; M;) = —2 (see [127).

Note. Also the one-parameter solutions (25), (26) and the second solution in (27) are
characterized by a reducible subgroup generated by My, M, .

Comments

(1) The monodromy group for solutions (20) was derived also in [18], by the confluence
of singularities of scalar equations (including a Heun’s type equation). The result is
equivalent to that in point (a) of the above theorem.

2 In the appendix of [11], the reader may find explanations about how to obtain results at x = 1, 0o from the results
atx = 0.

3 Here, I remark that formula (1.30), p 1293, of my paper [11] is wrong. The correct one is tr(M; M) ¢ (—o0, —2].
In [11], the connection problem is solved for tr(M; M ;) # £2. The case tr(M; M) = 2 yields (27). For the special
choice of the parameters 6p = 6, = 6; = 0, it was studied in [8, 9] (no logarithmic terms appear in such a special
case). The result (27) for the general (PVI), corresponding to tr(MoM, ) = 2, appears in the present paper for the first
time.
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(2) The computation of the monodromy group of the Fuchsian systems (10) and (11) is quite
clear [5, 8, 11, 16]. It allows us to express the parameter r of (24)—(27) as a function
of the monodromy data. Though the computation for (25)—(27) does not appear in the
literature, the procedure is clear (see section 4.8), so we do not repeat it. We just report
the result for (24), which can be found in [5, 11, 16]:

by — 60, +0) B0y +0, —0)(Bo +6; —0) 1
r= =,
46 (0o + 01 +0) F

(34)

where
T +0)T (500 +6, —0) + 1) T (56, — 6 — o) + 1)
F(1—0)T (300 +0,+0)+1)T (300, — 6 +0) +1)
T (30x+6 —0)+1)T (301 — 0 —0) + 1) V
T (30x+6+0)+1)T (3001 — b +0)+1) U

and

U := [% sin(ro) tr(MiM,) — cos(70,) cos(m0s) — cos(mwhy) cos(n@l)] Rdd
+ % sin(;wo) tr(MoM7) + cos(m 6, ) cos(w0;) + cos(7O,) cos(mwbp)
. . . T .
V :=4sin 5(90 +6, —0o)sin 5(90 — 6, +0)sin 5(900 +6; —o)sin 5(9OO — 60, +0).

The above formula was computed with the assumption that o + (6 + 6;), o %+
By —0y),0 £ (01 +0), 0 £ (8 — O) are not even integers4.

(3) Reducible monodromy. The monodromy groups in theorem 3 are not reducible, but
they have a reducible subgroup. If the entire group itself is completely reducible, all
the Painleveé transcendents are known. Solutions of (PVI) corresponding to a reducible
monodromy were found in [13]. We summarize the results:

Proposition 1. All the solutions of (PVI) corresponding to a reducible monodromy group are

equivalent by birational canonical transformations to the following one-parameter family of

solutions, with 0o, + 601 + 6y + 6, = 0:

01 +60 — 1 +x(1+6,) 1 x(1—x)du(x;a)
O — 1 O — 1 u(x;a) dx

where u(x; a) = ui(x) +auy(x); a € C, ui(x) and u,(x) are linear independent solutions of

the hyper-geometric equation:

yx) = ; (35)

d? d
x(1— x)al; +{[2 — (oo +01)] — (4 — O + 6, )x} é —(2—=0x)(1+6,)u =0.

The monodromy matrices are

[ by (N
_ 2 _ 2 _
MO‘(o ——) Mx—(o —%)’ M'—(é —%)'

The parameter a does not appear in the monodromy.

4 In[11], there is a misprint in formula (A.30), which must be re-calculated. In [16], in formula (1.8) at the bottom
of p 1141, the last sign is =0 instead of Fo.
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Remark. The rational solutions of (PVI) are a special case of the above proposition.
They were studied in [21]. Up to canonical birational transformations, they are realized
for 6o + 61 + 0y + 6, = 0 and

P | ) Oso + 61 x—1
= 1. X) = ;
0 Y e x(1+6)) — (6) + )
2 — (B +601) +01X)> — 2405 + 0 — 01 x>
b0 = —2: y(x):( (B0 +01) +61x) oo+ 01 — O1x7

(1 = 050) (2 = (Oc + 61) + 01 x)

The computation of the expansion at x = 0 of (35) is just a consequence of the expansions
of u;(x) and u,(x). The reader can find by himself a behaviour y ~ x(r(a) £ 0, In(x)) for
01 + 0o = Oy + 0, = 0, namely, a sub-case of the second solution in (27). For 6 + 0, & Z,
we find behaviours of the type (23) (and (15), (20) for a = 0).

Part II. Derivation results: Fuchsian reduction

4. Fuchsian case

Let x — 0. The reduction to the Fuchsian systems (10) is possible if in the domain (4) we
have

X
Ao+ A1 > (A0

: namely, |(Ag+ A,)ij| > [(Ap);x' %], (36)

Let us denote with Ai the leading term of the matrix A;, i = 0, x, 1. We can substitute (10)

with
d“I’IOUT AQ + AAx AAl
= + \IIOUT. (37)

da A A—1

We suppose that 6, # 0. This is not a loss in generality, because 65, = 0 is equivalent to
O = 2.

Lemma 1. If the approximation (10) is possible, then Ay + Ay has eigenvalues +3 € C
independent of x, defined (up to sign and addition of an integer) by tr(M,My) = 2 cos(w o).
Letr; € C,ry # 0. For 0 # 0, the leading terms are

2_92 _g2
A T o 38
' (02— (01 —0:)1[0°—(O1+8)2] 1 _ =036 |’ (38)
160%, ri 200
and
02 —02—62,
Ao+ A, = 2 " 39)
‘ I U e S b i R i B N -
1663, 1 4000

Proof. Observe that tr(Ag + A,) = tr(Ag + Ay) = 0, thus, for any x, Ao + A, has
eigenvalues of opposite sign, that we denote as +6(x)/2. Then, we recall that x is
a monodromy-preserving deformation, therefore the monodromy matrices of (37) are
independent of x. At L =0, 1, oo, they are

M, M,
MOUT — x A0 MOUT -M MOUT = M.
0 M()Mx ) 1 1, 00 00
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Thus, det(M(())UT) = 1, because det(M,) = det(My) = 1. Therefore, there exists a constant
matrix D and a complex constant number o such that

diag(exp{—iro}, exp{iro}),

DT'MPVTD =1 /41 =« +1 0 z
0 =+l M \s 1) 9%

We conclude that & (x) = 0. We also have tr(M{UT) = 2cos(ro).
Now consider the gauge

» n do, [Ag+A,—¢ A1
@ =122 — 1) 2 ¥our, - = + 1 P (40)

da A

We can identify Ay + A, — 3 and Ay — 9— with By and B; of proposition 2 in appendix A,
case(Al)w1tha—9°°+9'+”b——— ‘9‘+ ,c=o0. O

Remark. r; may be a function of x. If the monodromy of system (37) depends on ry, then
ry is a constant independent of x. This is the case here, but we do not prove it for reasons of
space. See the references in part 1.

Lemma 1 (and lemma 3 which follows) includes all cases (A.1)—(A.5) for system (40).
Cases (A.2)—(A.5) are obtained substituting 0 = — (O + 61), O — 01, 00 + 01, 1 — O,
respectively. For all the computations which follow, involving system (37) or (40), we note
that the hypothesis 8, # 0 excludes cases (A.6), (A.7) and the Jordan cases (A.8)—(A.10).

The reduction to the Fuchsian system (11) is possible for x — 0 in the domain (6) if

(Ao), (A ), (Ao + Ay,
— > |(ADy, namely, |=———L| > |(A1)yl. (41)
)\, XN
We can rewrite (1 1) using just the leading terms of the matrices:
d\IJIN AQ AA
= 7 42
da [ Aooa—x | 2
Then, we re-scale A and consider the following system:
d¥Nn Ay Ay A
=|—+ WiN, M= —.
du woopu—1 X

We know that there exists a matrix Ky(x) such that

o g0
Kol(x)(AoJrAx)Ko(x):((z) _g) or (8 (1))

2

Let A, := Ko 'A; Ky, i = 0, x. By a gauge transformation, we get the system
daw, [A, A
Win =: Ko(x) Wy, — = | 2 =, (43)
du woop—1
Lemma 2. Letr € C,r #0. If o # 0, we have
R 90 79'2+a ’
A 4
Ao = (_[”2—(90—(9;)2?[52—(904'@)2] 1 0500’ ) ’ “H
1602 r 4o
o +07 00
A, = N L (45)
TN 02— 006, 1[«7 —(O+00%1 1 o205 |-

1602 r 40
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Proof. We do a gauge transformation:

>

o Ox
D=7 (u— 1), — = +
" % "=

dq)0_|:AA0—%O AAx_a

>—-NI

} dy.  (46)

We identify Ao — %‘], AX — %‘ with By and B; in appendix A, proposition 2, case (A.1), with
a=%+% -2 b=2+%+%,c=40. O

Remark. If the monodromy of system (43) depends on r, then r is a constant independent of
x. This is the case here.

Lemma 2 (and lemma 4 which follows) includes also cases (A.2)—(A.5) for system (46).
These cases correspond respectively to the values o = 6y +6,, —6y — 6., 6, — 6y, 6y — 6, with
Oy #£ £0,.

4.1. Matching for o ¢ Z and proof of (24)

We match Woyr and Wy in the intersection of the ‘outside’ and ‘inside’ domains, namely the
region |x|%vT < |A| < |x]®N, x — 0. As a consequence, we obtain the leading term of y(x).

Lemma 3. If 0 € Z and 6, # 0, system (37) has a fundamental matrix solution Woyt(A)
with the following behaviour at A = 0:

= . (* 0 1 1
Wour = E GuA 0 %) Go =\ (uto)—02 (00> |-
n=0 400011 400011

G, are matrices which depend rationally on 0, 01, 0, r1. The series is convergent for |A| < 1.

Proof. It is an immediate consequence of the standard theory of linear systems of Fuchsian
differential equations. O

Lemma 4. If o & Z, system (43) has a fundamental matrix solution with the following
behaviour at i = oo:

oo ) % 0
%@=P+Z&m](% Mﬁ,
n=1

where I is the identity matrix, K, are the matrices which depend rationally on 0y, 0., o, r. The
series is convergent for || > 1.

Proof. It is a consequence of the standard theory of systems of Fuchsian equations. (]
The matching relation W, (1) ~ Ko(x)¥o (A/x), |x]|%T < |A] < x|, x — 0, is

AT 0 AT 0 =7 0
(i ) (5 0) (0 8)

This gives the result

1 1 xz 0
Ko(X) ~ | (9t0)?—0?  (9—0)2—02 0 %)

49007'1 40307'1
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We compute the matrices Ao(x) = Ko(x)ﬁoKo(x)_l, Ac(x) = Ko(x)ﬁxKo(x)_l, making
use of lemma 2. We obtain

03—03«72 o
Ao(x) =G 4o . Go~!
T TN ottt 0400)0 0t 00—t —o _03=0340> | O
1602r 40
‘72'*’9,3_95 o
~ 20 —rXx _1
Ax<x>=Go( - 2)00 .
(040, =00) (040, +00) (0 —0,+00) (0 =0, =6y) ..—0  _ 0 +6: =0
1602r X 40
This result shows that the matrix elements of Ay and A, diverge as |x|~/R*°! when x — 0
inside a sector (i.e., for /arg(x)| bounded). In particular, we find (A;);» = —r; and
i rilo? — (6o +6)%00 —0.)* —0?l _, 65 —6:+0> rr,
(Ap)i2 = — . TP R . _Moe
r 160 20 o
The above are enough to compute the leading term(s) of y(x) from the formula
A A A -
y(x) = x(Ao)12 z_x( 0)12 [1—x<1+( 0)12)] . @7
x[(Ap)12 + (A2l — (A2 (A2 (AD12
Thus,
(Ao) 1> 1[o% — (60 +6:)*1[(6 — 6:)* —0?] |_,
yx) ~ —x———"7= |- 3 X
(A1)12 r 160
92 _ 02 + 2
T T ix””] (48)
202 o

We have ignored 1/[1 — x(1 + (Ao)lz/(Al)lz)] because condition (36) is equivalent to
|x!=81%0| — 0 for x — 0, which implies that [x(A¢)12/(A1)12] ~ |x'*°| — 0. Therefore,
/11— x(1+ (Ap)2/(A)1)] = 1/(1+ 0(x)) = 1+ O(x).

IfRe o # 0, the leading term of (48) is certainly correct, but some higher order corrections
may be bigger than the next two terms of (48). If Reo = 0, the three terms of (48) are of the
same order and their combination gives the trigonometric expression in theorem 2.

4.2. Range of o

Conditions (36) and (41) must be verified. Let C denote a non-zero constant. We suppose that
x — 0 inside a sector with centre at x = 0. Then,

Condition (41)is [x| %™ > C <= &N >0.

Condition (36) is C > |x|"Reol#l=dour  «—  |Reo| < 1 — Sour.

The last condition implies that |[Reo| < 1. We also conclude that 0 < §ixy < dour < 1.

4.3. Leading term for o = £(0y +6,), £ (6p — 6;) # 0. proof of (25) and (26)

Formula (48) holds for any o # O such that |[Re | < 1. However, we cannot naively substitute
the value of 0 = £(6y + 6,), (6 — 6,), for which the coefficient of x!~° vanishes. This is
because only the leading term is certainly correct, and it may be the term in x'~°. Therefore,
here we briefly give the explicit derivation of (25) and (26), using cases (A.2)—(A.5) for
system (46).
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Case (A.2), a = 0. This is the case 0 = 6y + 6, # 0. The matching procedure does not
change. From (A.2) we compute

9() o 9)5 [
. b rx . b _px
Ag=Go( 2 Ty )G, Ac=Gol 2 5 JGo.
0 % 0 -%
This implies that (Ag)12 = rl(% — %#x”), while (A1), = —ry as in the generic case.
Therefore, '
90 r o+l

YO e T aar o

It is interesting to note that for Re o > 0 we have y(x) ~ 6y/(6y + 6;)x. Such a behaviour is
what one would naively expect from the generic behaviour (48) when o = 0.

Case (A.3),b=0,is0 = —0y— 0, #0. Case (A.4),a =c,iso = 0, — y. Case (A.5),
b =c,is 0 = 6y — 6,. Proceeding as above, we find (25) and (26).

Remark. If we substitute y = byx + byx? + b3x> + - - - into (PVI) we find all the coefficients
b, by identifying equal powers of x. The result is (20). We need to assume that 6y % 6, is not
integer or zero.

4.4. Matching for o = 0. proof of (27)
4.5. Case 0y £ 6, #0

Lemma 5. Let r; € C,ry # 0. The matrices of system (37) are

O 2+01% 6262,
A ~Taw,  Th PO 0 "
A= 162 —62 02402 | Ag+ A, = 02—  e2-62 |° Vry # 0.
166% r 46, T 1664 40,
A fundamental matrix solution can be chosen with the following behaviour at A = 0:
1 logh 1 0
Your(A) = [Go + O(M)] <0 % ) , Go = (9002—912 L) .
400011 r

Proof. System (40) is

Ao Ao 0
P, _ |:AO+AX A _ﬂq’l'

— +
da A A—

—_—

We identify Ag + A, and A; — % with By and B; of proposition 2 in appendix A,
diagonalizable cases (A.1)—(A.5) (we recall that (A.6)—(A.10) never occur when 6, # 0)

witha=%+% b=-%+% c=0.

The behaviour of a fundamental solution is a standard result in the theory of Fuchsian
systems. The matrix G is defined by Go! (A(, + Ax) Gy = (8 (l)) O
Lemma 6. Let r € C. The matrices of system (43) are

B 4r(r+6p) ) 4r(r+69)
A U A —r—75 1=
A(): 2_p2 v ) Ax: 2_p2 r 0 . (49)
G- _ & 0263 L
7 r—s 7 r+ 3.

There exist a fundamental solution of (43) with the following behaviour at © = oo:

%(M)z[1+0<l)}<1 log“), i — 00.
<)o 1
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Proof. To compute A, and A, for the generic case, we consider case (A.8) in proposition 2,
applied to the system (46). The parameters are a = %‘) + 97*, ¢ = 6p. In particular,

A 6 & 6 (—M 1

A= 2+A -2 =72 .6 ) (50)
2 2 0 — =

Here, the values of the parameters satisfy the conditions a # 0 and a # ¢, namely 6y £ 0, # 0.

From the matrices (A.8), we obtain Ao = By +6y/2 and AX = B; +6,/2. Keeping into
account (50), by the standard theory of Fuchsian systems we have

1 +0x
¢wuzp+0<—ﬂu“7(ll%“>, > .
I 0 1

This proves the behaviour of Wy (). O

The matching condition Woyr(A) ~ Ko(x)Wo(A/x) becomes

1 log (%) 1 logh L0y (1 logx

40501 r

From the above result, together with (49), we compute AO = KOXOKO_I, Al = KofilKO_l.
For example,

02_p2 02_g2

. rt+ 4 % oy T og?x —2 (r + 9—0) log x + ()

Ay=G 2 4 4 2 02-6 | G}

0= %Yo 0202 02 .
0 Yx -

7 '*493 logx — (r + %U)

A similar expression holds for A,. The reader can verify that the matching conditions (36),
(41) are satisfied.

The leading terms of y(x) are obtained from (47) with matrix entries (A])]Q = —r; and
A 02— o 4r(r +6p)
(A =11 [ y) log”x —2 (r + E) log x + W]
The result is
0% — 62 6, 4r(r +6
y(x)~x|:x4 Ologzx—2<r+50>logx+;§+9§):|. (51)

4.6. Case 6y £6, =0
We consider here cases (A.9), (A.10) of proposition 2 applied to system (46).

Case (A.9) is the case ¢ = 0,0) = —6,, with a = 0,¢c = 6 in system (46). From
proposition 2, we immediately have

A LI 2 b 1—r
Ag=| ? , A= 2 .
° (0 —%) <0 —%>

The behaviour of Wy and Woyr, and the matching are the same as subsection 4.5. We obtain
the same K(x). Therefore,

(Ao)i2 = ri(r — 6o In), (A2 = —r1.
This gives the leading terms:
yx) ~x(r —6Inx) = x( + 6, Inx). (52)
In the same way, we treat the other cases. Case (A.9), with a = c, is the case

o =0,6) = 0,. As above, we find y(x) ~ x(r — 6ylnx) = x(r — 0, Inx). Case (A.10),
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with a = 0, is the case 0 = 0, ) = —6,. We find y(x) ~ x(r + pIlnx) = x(r — 6, Inx).
Case (A.10), with a = ¢, is the case 0 = 0,60y = 0,. We find y(x) ~ x(r + 6plnx) =
x(r+06,Inx).

Both (51) and (52) contain more than one term, and in principle only the leading one is
certainly correct. To prove that they are all correct, we observe that (51) and (52) can also
be obtained by direct substitution of y(x) = x(A; + BjInx + C;In”x + D;In®x +---) +
x?(Ay + Bylnx + ---) + --- into (PVI). We can recursively determine the coefficients by
identifying the same powers of x and Inx. As a result, we obtain only the five cases (28),
which include (51) and (52).

4.7. No naive matching for o = 1

The condition |[Reo| < 1 suggests that the matching above does not work in the case o = 1

(and 0 = —1, being equivalent). Let us convince ourselves of this fact by repeating the
procedure above. A fundamental matrix solution for (37) at A = 0 is non-generic:
_ A0 1 logh
Wour() = (Go+ 0(2)) ( 0 “) (0 1 ) , (53)
where

1 4
_ 07017
Go = ( OutP—g > ’ vri #0.

4001, T Bt

A fundamental matrix solution of (43) at u = oo is non-generic:

1 u: 0 1 0
[ [ P R

[(60 + 6x)* — 11[(Bp — 6,)* — 1]
16r ’

where

R:=(A)y =

r #0.

The matching relation,

(%)% 0 1 m Az Azlogh
Ko(x) -t N -1 ~ (B +1)2—6? 1 (0 A2 )’
R(3) *log(3) (%) Taoen

x 400011 Tl

shows that we cannot eliminate A to obtain Ko (x).
One case 0 = 1 is studied in part III, making use of a non-Fuchsian reductions of
system (1).

4.8. Monodromy data

Systems (37), (43) are equivalent to Gauss hyper-geometric equations, as it is explained in
appendix A (make use of systems (40) and (46), respectively). Therefore, the monodromy
can be computed in a standard way, using the connection formulae for the hyper-geometric
functions.

We obtain in this way the monodromy of Wyt and Wy. As it is explained in section 2.2,
it may be necessary to do a transformation Yoyt — wg“g*;h := WoutCour, in order to match
the ‘out’ and ‘in’ solutions with a solution W of (1). In this way, the monodromy matrices
My, M, M, of ¥ can be obtained. They depend on r. We then compute the traces of M;M;
and extract r, which is thus obtained as a function of the monodromy data.

We do not repeat the computations here. One example is the computation of (34) in [16]
and [5, 8,9, 11].
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Part III. Derivations for non-Fuchsian reduction

5. Case 0; = 20, 0, = £0,, lim,_,¢(A, + Ag) = 0: solution (16)

We begin by observing that for 6, = 36, system (46) may fall in cases (A.6) and (A.7). If

it is so, then AO + Ax = 0, and therefore Ao + AX = 0. More precisely, we start from the
following hypotheses:

0
lir%(AO(x) +Ac(x)) =0, A= lirrg) A,(x) = a constant matrix with eigenvalues + EX
X—> x—

The first hypothesis means that we can write (the trace is zero)

Ao+ A, = (Ca(g)l ESC();)) o lima) = lim b(o) = lim c(x) = 0.
The second hypotheses implies that the general form of A is
A=<f5:%% —r9x>’ r,seC, r#0.
. TST 2
We also write
Ay(x) — A =: Ay (x), Ag+ A =: Ap(x), Apg+ Ay =Apg+A,.

A, (x) and Ag(x) are vanishing. We suppose that the slowest vanishing behaviour be of order
x%, for some oy > 0. Namely,

a(x), b(x), c(x), (A,)ij(x), (Ag)ij(x) = O(x™), op > 0.
Finally, we have
00 (O
Al(x):_703_(A0+Ax) — —5 03 x — 0.

5.1. Coalescence of singularities

(1) The system for Your

We consider system (8), in the domain |A| > |x|%vr. Let us determine the conditions to
neglect a term x" A, /A"*'—and all the terms following it—with respect to (Ag+ A,)/A, when
X — 0,)\ NX8,8 <8OUT-

x"A,

)Ln+l

n

< (Ao + Ay

We can neglect

— ; Vi, j e {1,2}.

X
A

Since lim,_,o(Ay);; are non-zero constants, the above condition is |x|"”"S < |x|°, namely,
8 < 1 — og/n. We state this result as a lemma.

Lemma 7. Let Nout = 2 be an integer. We can approximate (8) with

Nour—1
dw. Ap+ A A n A
OUT=|:( 0 x)+ x Z (f) LA :|\IJOUTa

dx A A A A—1

if and only if
o

dour < 1 — (55)

ouT
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Suppose that all term x" A, /A”” with n > Nour, have been neglected. We can also
[

make the substitution A} = —=*03 in ;= x 7=, if and only if the error term — A)‘\‘i/?x is smaller
N -1 . .
than % Namely, if and only if

xMNour=l(AL);

1(Ao + Ay)ijl K  Nour

This is |x|? « |x|Nour=I=Nourdour ‘namely §our > 1 — 11\,“’0

We can also do the substitution A, — A, provided that Sout < 1. This is because we can
neglect terms )ﬁl with respect to A“IA , where both A, and Ag + A, are O(x), A ~ x?%,
8 < 1. We summarize the result in the following lemma.

Lemma 8. Let Nout = 2 be an integer. We can approximate (8) with

Nour—1
dy, Ap+A, A X\" Oy 03
out = [ 0 + — E <_) - = s :| "I]OUTr

da A A A 2 A—-1

if and only if

1+ (o)) ap
< SOUT <1-— .
Nout Nout

In particular, this means that Soyr < 1.

1—

Example. If 09 = 1 and Ny = 2 we have

dWour XA Ap+A, by o3 0<s 1
- | —_— - = s < < —.
dx A2 A 2 —1] o our =5
If o9 = 1 and Ny = 3 we have
d¥our x2A LA XA .\ Ag+Ar  bx o3 1 5 2
_— = — —_— . - < < —-.
dx FEREPY A 2 —1] o 3 S foUT =3

(2) The system for Wiy

We consider system (9) in the domain |A| < |x|®~. We investigate the condition necessary
and sufficient to neglect a term A" A; (and all its next terms) with respect to 42 b+ 2o Tis
convenient to write

Ay Ay Ag+ A, xAp

—+ = — .

A A—x A—Xx AMA —x)
Suppose that A ~ x4 8 > 8.

xAg
A(A—x)

> |A A7), namely, [x|'72 > x|? o 8> L

We neglect AjA" <

[, namely, |x|%7% > x| & §> -2,

Thus, we have the condition § > max { L-}. We have proven the following:

n+l’ n+2

Lemma 9. Let Niy > 1 be an integer. We approximate (9) with

Nin—1
d¥y Ao Ay
= —A A W,
o |: - 1 E N

if and only if

(o)) 1
SN > max{ ——, —— .
NIN+1 N[N+2
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We further make the substitution A; +—> —%“03 This is possible if and only if two

ondltlons are true: (1) | /\(’;A“x) | and |A°+A | are dominant w.r.t. the term Ao + A, appearing in
A= 2 Yooy — (Ag+ Ay). (2) IAMN~1AL | ie. |AVN"Lg3), is dominant w.r.t. the term Ao + A,
in A;. Explicitly, the conditions are
A() + A .
> |A0 +A, | (this is always true),
xA 1 —o
‘,\(x——ox)' > [Ag+ A, < |x"®>x® namely, §> 5 2
and
PN > [Ag+ Al = N S 190 namely, 8 < —o—.
N — 1
We have
Lemma 10. Let Ny > 1 be an integer. We approximate (9) with
Nin 1
dw A
d)\I,N=|:}\,O+ i +—O'3Z)\.i|\I’IN
Nin—1
Ag+ A, xAp
= AT W,
[ r—x  A—n 2 PhG Z } IN
if and only if
1-— oo (o)) 1 (o)
max , , <dn < .
2 Nn+1 Nn+2 Niny — 1
As a final simplification, we substitute A9 = —A + Ag — —A. This is possible if and
only if
A Ag+ A
A())i : ) ‘ )(\) - x| < |x|?7°,  namely, & <1,
—x —x
and
xAg 0 oo+ 1
_Xso A Nm—17% — 1+09—28 Mn=D3  pamely, 8 )
w—m| € 27 . «x 0T Nl

We have proven the following:

Lemma 11. Let Niy > 1 be an integer. We can approximate (9) with

Nin—1
d¥in Ao+ A, xA
= + A Wi,
i |:A—x A —x) 2(’32 ] IN

if and only if

1 — 00 (o) 1 . (o)) O’o+1
max , , <déN <min{ ———, ———¢.
2 NIN+1 N[N+2 NIN—I NIN+1

Examples. If oy = 1 and Ny = 1, we have
d¥ N Ag + Ay xA 00
= + + —
dA A—x A(A —x) 2

1
0‘3] lI/IN, E < 81N < 1.
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If we keep — A instead of A, with no change in the condition on &y, we can also rewrite

d¥in Ay + Ay + Oso w
= | — — O .
d)\, 3 IN

A A—x 2
If o9 = 1 and Ny = 2, we have

d\IJIN A() + Ax xA 900 1 2
= + + —0'3(1 +)\.) YN, - < SIN < —.
da A—x AA—x) 2 3 3
Equivalently, we can write
d¥iv [ Ao LA
dv [ A A—x

0
+ %"03(1 + )»)i| YN,

5.2. Matching

We do the matching in the overlapping region |x [T < |A| < |x|®~. This imposes iy < Sour-
In order for the overlapping region not to be empty, we must choose suitable reductions of (8)
and (9). If we expect oy to be close to 1, we try to match solutions Woyr and Wiy satisfying
one of the following sets of systems:

First choice:

d¥our xA + Ao+ Ay O 03 w
dx 22 Y 2 a—1] o
d¥in [ Ao N Ay
di A A—Xx

(%
+ %"03(1 +,\)} Y.
The condition to be satisfied for o9 = 1is 3 < div < dour < 1 — 3. Forog = 1, this is

I 1
3 <& < dour < 3.

Second choice:

d¥our x2A N xA N Ap+ Ay OB 03 w
P Y 2 a—1] °oF
d¥ Ap  Ar Ok
=|—+ + —o03 \IJIN.
dr A A—x 2

For o = 1, the condition to be satisfied is % < div < dour < 1 — 3. For oy = 1, this is
1 <8 < dour < 3.

In both cases, the overlapping regions are not empty. The matching procedure will
determine the leading terms (order x°°) of the unknown matrix elements a(x), b(x), c¢(x) of
A() + A X-

5.3. Matching for the first choice: % < &iv < dour < %

We rewrite the systems in a more convenient form:

1 A d\IJOUT A0+Ax 900 03
2 =l =|-xA- —— - —=——— | Your; 56
7 T T [ x — 1)] our (56)
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d¥N 2000 Ao Ay
= —Oo3U+X—03+ — YN
du 2 uw  ou—1
= |:)C29;.003,U, +X0;.OO'3+ AO+Ax — AO i|\IJ]N
2 2 u pup —1)

Then we substitute Ay — —A in the last term.

In the matching region |x| ™™ < |v| < |x| 70T, |x]%ovr—! < < |x*~!, we have
v — 00, 4 — oo. The point at infinity is a non-Fuchsian singularity>. In order to find the
local behaviour at this point, it is convenient to put the leading term in diagonal form. Let G
be the invertible matrix such that

>

0, L5
G 'AG = —303, for example, G = <ﬂ > )

1
and put
Your =: G¥our.
Then,
do 0 G Y Ay+A,)G 6 1 1 -
out = X—XU3—M—£G_IO'3G —+ —=+--- \IJOUT, vV — OQ;
dv 2 v 2 vz 3
(57)
dw 0, 6 Ag+ A 1 1
= x2£a3u+xﬁ03+u+A —+—+- ] |¥N, u— o0 (58)
du 2 2 I TS

In order to write the local behaviour of Woyt and Wy at infinity, we observe that systems
(57) and (58), respectively, have the following forms:

dYy; D, D> Ds

— =+ —+ S+ 5+ |1, (59)
dz z z z

dy: E E E
—2=|:x2Az+xAz+—1+—22+—33+"']Y2, (60)
dz z z z

where 2 and A are the diagonal matrices with distinct eigenvalues. In our case,
Q:xe—xm, A= 91003.
2 2
The eigenvalues are distinct iff 8, # 0, O # 0.
The theory for such systems is developed in [3] (see also [4]). For any sector of angular
width w + €, € > O sufficiently small, there exists a unique solution of (59) with asymptotic

expansion:

G, Gy
Yi(z) ~ |:I+—+—2+~~ exp{Qz)z, 7 — 00.
Z Z
3 System (56) can also be written with 97”03 = —Aj:
dv, Ag+ A A Ag+ Ay + A A
ouT _ | _ 4_ AotAx 1 Wour | —xA — 0+ Ay LY Your.
dv v viv—1) v v—1

After diagonalization, we get

dliJOUT O + 0o G_1(73G + G_lAlG ~
=|x—=o03+— .
dv 2 3 D) v o1 ouT

This form is that of a system of isomonodromy deformation for the fifth Painlevé equation.
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2 = diagonal part of D;.
For any sector of angular width 7 + €, € > 0 sufficiently small, there exist a unique solution
of (60) with asymptotic expansion:
K1 K> x? A
@~ |I1+—+—+---|expy—Az"+xAz; 2", 7 — 00.
7 2 2
A = diagonal part of E;.

We can always find two solutions Y;(z) and Y,(z) as above, such that the sectors
where the asymptotic expansions hold are overlapping. We refer the reader to [3] for the
general description of irregular system with a Stokes phenomenon and to appendix B for the
computation of the matrices G;, K;,i = 1,2, ....

Systems (57), (58) are isomonodromic. This imposes that 2; and A | must be independent
of x. They are

Q, = diagonal of (—G~'(A¢ + A,)G),

A1 = diagonal of (Ag+ A;) = (a((;c) _a()(x)> .

We compute

G (Ao + A)G = 1 (—(2s+9x)a—s(s+6?x)b+c (—Za—sb+f)r )
R SQ2(s+0)a+(s+6.)b—c) Qs+0)a+s(s+0)b—c)

Since a, b, ¢ vanish, the condition of isomonodromicity implies that
Q =0, Ay =0.

This means that the leading terms of a(x), b(x), c(x) satisfy the conditions
a(x) =0, c(x) =s(s +6,)b(x).

The above conditions mean that if b(x), c(x) = O(x°°), then a(x) is of higher order, i.e. it
vanishes faster than x®. Note that with this choice of a, b, c we get

. 0 br
G (Ag+A)G = sy, g )

We are ready to write the behaviour of Woyr:

G, G 0.
Your =G |I+—+— +---|expix—0o3V¢, Vv — 00
v v 2
2 Qx X
=Gl +GA+GrA"+---]exp 303; , A — 0.

We use the formulae of appendix B to determine G:

[G'(Ag+ A))G]j Iy

x6,((03)ii — (03) ;) .

[G'(Ag+ A)GI;[G ! (Ao + A,) Gy
x0,((03) j; — (03)i1) -

In the second term of the last formula, j =2 ifi =1, j = 1 if i = 2. We compute

. 1 /(—@2s+6,) —2r
COTg N g4 ) ©b

(Gpij =2

O .
Gt =—(G 'o3G)ij +2
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Therefore,
r s(s+06,)
G = b, (G2t = ————b,
x6, x60.r
Oso s(s+0y)
(Gt = =225 +60,) + ———= b7, (G = —(GDn. (62)
20, x0,
On the other hand, the local behaviour of Wy is
K, K 0 0
YN = I+—1+—2+~-- exp x2203u2+xi°a3u , n—> o0
woop? 4 2
2
0 0
1+ v v fexp | o+ 2ot A — 0.
m A2 4 2

We determine K from the formulae of appendix B:
0
—(s + & 0
K| = diagonal part of (—A) = ( (SO 2) ) )

The matching condition,
Wour(A, x) ~ WiN(L, x), x =0, [P < [A] < x|,

is restricted to the overlapping sector where both expansions of Yoyt and Wiy hold. Noting
that Yoyt ~ G and Wiy ~ I, we choose the new solution Woyr — WourG~'. Then, we
expand the exponents:

_t 4 ...

Lo 8 A2

The point here is quite delicate. We consider the relation of dominance among terms—and
write the leading terms of the expansion—as they are in case G, (x)’s are not divergent when
x — 0. Keeping into account that 9—2-‘GU3 G~! = —A, the dominant terms are

-1 —152 O x 0.7 x2
Your =/ +GG1G A+GG,G A"+ -] I+EGU3G

—1 X P x2
Your(h,x) =1+GG |G )\—Ax+0 k’ﬁ’x )

It is important to note that A is dominant w.r.t. f, because Sour < %; namely, A ~ x? vanishes
slower than § ~ x17% asx — 0.

We expand the exponent in Wy and keep only the first dominant terms (in the spirit of
the observation on the dominance relations made above):

, X (o) 5 2,x .
N 2 3 1)\. A

Wour and Wiy match in the first term /. We impose the matching of the second term,
namely the term in A:

9
GG (x)G™' ~ %"03, x — 0.
Namely,
Ooo
Gi(x) ~ 70*103@ x — 0. (63)

From the explicit form of G; and G~'03G given above, we conclude that the matching is
satisfied if and only if

b(x) ~ —x604 and oo = 1.
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The error in b(x) is of higher order w.r.t. x. The determination of the leading behaviour of
Ap + A, is complete, because c(x) ~ s(s + 6,)b(x), x — 0. Namely,

c(x) ~ —x{s(s +6,)0x0}, a(x) = o(x).

With such a choice of b(x), one can verify that the terms in Woyr and Wiy which follow
the second (i.e., which follow the term in 1) are actually of higher order in x. Nevertheless,
Woyur and Wy match only in the first and second terms, being already the off-diagonal entries
of the third term not matching (i.e., —A and K; = diagonal part of —A respectively.)

5.4. Matching for the second choice: % < 8N < dour < %

We rewrite the systems in the convenient form:

1 A dw, Ap+A, 6
V= —, W= —; 00T | —x24p —xA — 22 _ =3 Your;
A X dv v 2 viv—=1)
dw 0, A Ay 0 Ag+ Ay A
N _ |:x;.003 + 204 j| YN = |:x;.003 + = - - j| YN (64)
du 2 woop—1 2 2 pu(p —1)
Then, substitute Ag — —A in the last term.
We rewrite the systems at infinity®:
d\IJOUT 29x 0, G_I(A() +A,)G Oso 1 1 1 -
d]) =1|X 30‘31) +XEO’3—f—7G G3G ;4‘;‘*‘"' lIJOUT,
dv 0 Ag+ Ay 1 1
R B +A[—=+—=+ )| ¥y, Vv, L — 00. (65)
du 2 W TS

This time the system of Woyr is in the form (60), while the system of Wy is in the form (59),
where

oo .
Q =x703, 2 = diagonal part of (Ag + Ay),
Ox : _
A= 303, A = diagonal part of (—G (Ao + A))G).
We impose that ©; and A; do not depend on x, and we get the conditions a = 0,

¢ = s(s +6,)b. Then, we choose the following solutions:
K 0 0
VYour =G |1+ L expix’—o3?+x—o3v{ G}
v 4 2
ex ,lx 1 .X2 2
=I+?GO'3G X+GK1G A+ 0 x,)» s Vv — Q.

ﬁa

x2

ﬁ!

The relation of dominance among terms are considered as if G,,’s and K,,’s do not diverge as
x — 0. The matching condition,

Wour(h, x) ~ U (L, X), x — 0, x |2 < JA] < Jx ],

G, oo x O 2
Un=|Il+—+ ---|expix—oau;=1+Gi—+—o3A+0 X, A7), u— oo.
w 2 A 2

is restricted to the overlapping sector where both expansions of Woyr and Wy hold. We note
that £ vanishes slower than A, because Sy > % (namely, x/A ~ x' 75 A ~ x5 8 > 1/2).

6 System (64) is in the form of a system of isomonodromy deformation for the fifth Painlevé equation.
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Wy and Wyt automatically match in the first term /. We impose the matching of the second
leading term, i.e. the term in %:

Oy
Gi(x) ~ EG@G*1 =—A, x — 0. (66)

As for G, the formulae in appendix B give
A +Ax ij . .
( 0 )] i i 75‘]
X0s0[(03)ii — (03) jj]
A +Ax ii A +Ax i
(GDii = —(A)ii +2( : Jis(A L :
X00[(03) j; — (03)ii]

In the last formula, j =2ifi =1, j = 1if i = 2. Explicitly,

(Gij =2

G = + 6,
(G2 i b, (G s(s )b,
X000 XOsor “
+ 6, 6,
G =—-A) — M}ﬂ’ (G (A s(s )bz.

X000 X0

Therefore, (66) <= b(x) ~ —x0 and oy = 1. As it must be, we get the same result as the
matching for the first choice.

5.5. Critical matching: % —€ < 0Ny < dout < % +€

In between the first and the second choices—which hold, respectively, for < §iv < Sour < 3

and % < 0Ny < dout < %—we can also consider the following approximations of system (1):

dWYour |:.XA A+ Ay O 03 i|
= + OUT>

dx Az A 2 a—1
d¥p Ag Ay Oso
= | —+ + —o03 “I’IN~
dr A A—x 2

Rigorously speaking, the two systems cannot be considered simultaneously when o9 = 1. But
we can consider oy = 1 as a ‘limit’ value—or ‘critical’ value—for the matching of the two
above systems in the region specified by % —€< SN < doutr < % + €, where € > 0 is
sufficiently small. We write again Yoyt =: GWoyr. Then,

dw Oy G '(Ag+A)G 6 1 1 .
OUT — x—o@—L—ﬁG_lO@G —_— — 4. lIJOUTv Vv — o0;
dv 2 v 2 2 3
d\IJIN 900 A0+Ax 1 1
=|x—03+ +A|l Ss+—=+ || ¥n, H — oo.
du 2 5 T

When we impose isomonodromicity conditions, the diagonal parts of Ay + A, and
G~ '(Ag + A,)G must be independent of x. This gives againa = 0, ¢ = s(s + 6,)b. Then, we
choose the fundamental solutions:

OouT 2]
\IJOUTzG[I+ 1 +] exp {x%agv}Gl
v

0, 2
=1+GGYTG 1A + —Ga3G*lf +0 (A% x, all
! 2 A 22

x 0 0 X x
Uy = [1+GIINX+“C|6XP {x?’oﬂ} = I+§O‘3)\+GIINX+ (0] <)\,2,X, ﬁ) .
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We match them for A ~ x® and § € (1/2 — €, 1/2 + €), in the overlapping sector where
the above expansions hold. Here, both A ~ x% and x A~ x179 are the dominant terms. The
matching conditions are GGPUTG™! ~ %03 and GIN ~ % Go3G!. Namely,

0
GV~ 266 G~ AL a0 (68)

The matrix %’"G‘IQG can be derived from (61). The matrix GIOUT is (62), the matrix GIIN
is (67). Condition (68) is inclusive of both (63) and (66). Therefore, (68) < b(x) ~
—XxBs0, x — 0. This is again the expected result.

5.6. Higher order terms

The final result obtained above is

0 —7rB0X 0o

Ap+ A, = _(wa)wxx 0 +o(x), A= —7(73 —(Ap+ A,), (69)

s+ %‘ —-r s+ %‘ —-r
Ay = (546,)s w )t o(l), A= — (546,)s w )t o(1). (70)

- TS—3 - TS 3
Let us substitute the above results into (3). We obtain the first term with no error:

~ , 0.
YO ~ 1 o x —

Here, » and s do not appear. Nevertheless, if we substitute in (PVI) the series y =

ﬁ + Zzozl b,x", we can compute recursively all the terms, for 6y = +6, and 0; = £60.

We find a series

(o]
+ax+ Y by(a: oo, 00)x", x — 0, (71)
n=0
where a is an arbitrary parameter. This parameter is actually a function of s, as we prove now.
The convergence of the Taylor expansion can be proved by a Briot—-Bouquet-like argument.

This will not be done here. The reader can find a similar proof in [18] and the general procedure
in [14].

y(x) =

1_oo

5.6.1. Determination of a = a(s). System (1) is isomonodromic. This determines the
structure A,, ApA; as can be found in [17], appendix C, formulae (C.47), (C.49), (C.51),
(C.52), (C.55). If we substitute (71) in the formulae, we get a Taylor expansion for the matrix
elements, in terms of the parameter a. The leading terms have exactly the structure of (69) and
(70). We can identify the leading terms to express a as a function of s and r. The computations
are quite long, so we give the result. When we write the leading terms as a function of @ and
impose that they coincide with (69) and (70), we find

000 (25 + 0, + 1)

a= 0D e C.
The higher order terms are Taylor expansions. Explicitly, the first terms are
A= —%003 — (Ag+ Ay)
—% 4+ (5 + 0,)5000x> FOoc{x — —(9”1)%”9”_1))52} 3
= (S"Tw{(ex Fs)x— (000_1)(0X+;)(2s+9X+I)Xx2} B _ (0, + 5)560n? > +0(x7),

(72)
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4 :( (s+%) —2(s +0)5000x  —1 {1 — (25 + 6, — 1)0x}

SUH) ] — (25 + 0, + Doox}  — (5 + %) +2(5 +60,)5000x

>+ 0(x?),

4 (—(s+%)+2(s+0x)s900x r {1 — (25 +60,)050x}
0:

+0(x?).
—S (] — 25+ 0)000x)  (s+ %) —2(s+ ex)seoo)

The above expansions are enough to obtain first two leading terms of (3):

1 Boo (25 + 6, + 1) )
= 0(x?).
yx) ot 26D 7 (x7)

Note that  simplifies. This is solution (16).

5.7. Monodromy data

(73)

(74)

We assume that the matching has been completed as above, and in particular oy = 1. Thus,

system (1) can be approximated by

d\IIOUT A0+Ax XAX 900 03
= + ouT>

da A A2 2 a—1
or

d¥n Ay Ay 6
=|—+—+—503|¥Un
dA A A 2

The first two leading terms are

Oso X s 1
\IJOUT=I+TU3)L+O(X>, A~x°—0, 8<§;

1
wIN=1—A;+0(A), At >0 8> o

1
for [A] > |x]°, 8 <3

1
for |A] < |x)°, 5>§.

(75)

(76)

(77)

(78)

The above solutions match in the first three terms in the ‘critical” region A ~ x5, 8 ~ % (the

region is restricted to a sector). Namely,

Oso X x2 2 s N 1
\IJOUT’V\I—’[N’VI+TU3)\.—A1+0 x,ﬁ,k s A~ Xx°, 5_5
Now, for § < %, we have

Ao+ Ax ~x170 50, x4 ~x17% 50
A A2
Thus, (75) can be further reduced to
d‘i[OUT _ _Q;.o 03 A
da 2 a—1 o

In system (76) we rewrite
Ag N Ay Apgt+ A, xAg
Ao oA—x A—x A —x)

Then, we observe that, for § > %, we have the behaviours

Ao+ A, N x1_5 -0, xAp ~ xA ~ xl—ZB 1
A—Xx AA —x) AA —x) 2

— 00, 6> —.

(79)

(80)
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Thus, as x — 0, system (76) can be further reduced to
d‘i’IN — xA li/
da LA —Xx)

System (80) has the same monodromy of (1) at A = 1, co. System (81) has the same
monodromy of (1) at L =0, x.

IN- (81)

Matching ¥V < Wour
We choose Wour such that it matches with ¥ at A = co. The behaviour W is

1 o0
WA, x) = [I+O<X):|)»62”3, A — 00,
for 05 & Z. The solution of (80) with the same behaviour is
Bour(n) == (L — 1)~ T, (82)

As a consequence, the monodromy of W at A = 1, oo coincides with that of Bour. To compute
it, we consider the loops A — 1 > (A—1)e*" and A > A e*"!. The corresponding monodromy
is

M, = My, = exp{in003}.

Matching \i/OUT < Your
We match Wour with Wour for x/A — 0. Let us choose the branch (A — 1) =
(1 —2)e'™, (1 —2) > 0for0 < A < 1. Solution (82) has expansion

. 0
Uour(h) = e 1200 [1 + %’@x + 0(12)] , A — 0.

Therefore, for A — 0, oy matches with Wour e 299, where Wour is (77).

Matching Yoyt <> ViN. This is (79).
Matching Wiy <> W. The above matchings imply that Wy e 2%
Wy is (78)).

«% matches with W (where

Matching VN < N

In order to determine the monodromy of system (1) at A = 0, x, we need to find a
fundamental solution Wiy of (81), that matches with Wy e™'2% for x /A — 0, where Wy is
(78). A fundamental solution satisfying these requirements is

\ * _%(’3 —1 —iZ 00
YN, x) =G (1—X> G i50x0s

Actually, this has the behaviour

7 A, x)=|I1+ &Ga G’N_C +0 x_z o 1300 X 50
N, 7 GosG S = , - ’
where %GOS G~!' = —A. The first two terms match with Wy e 127~ as required.

As a consequence of the matching, the monodromy matrices of W and Wy at A = 0, x
coincide. To compute them, we write the local behaviours (for x # 0 fixed) of U

) [GxZTo)[1+ 00, — 0)I(h —x)" 7% [G 1 e170x], A — X,
WiN(A, x) = , , .
[G(—x)" 231+ O A= [G e 23], A — 0.
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It is not necessary to specify the branch of (:I:x)’%“. We restrict to the case 6y and 6, & Z,
so that the matrices Ry, R, in (14) are zero and the matching of W with the above behaviours
of Uy is realized. A A
We can compute the monodromy matrices for A — A e2™iand (A — x) = (A — x) e,
respectively:
My = e'2%% G exp{inb,03)G 1 e 1207,
M, =e'7 093 G exp{—inmOyo3}G e 12 9*"3.
Note that M; = My, is invariant for M, — e’i%(’x‘“ M, el3%9 With this fact in mind, we
obtain the result of theorem 3, point (b). In particular, computing the trace of MyM,, we get
_ Oc[2cos(m (O +0y)) — tr(M; Mo)]
" 2[c08(7T (B — 0y)) — €OS(T (B +0:))]

6. Case o = £(01 — 0), £(61 + 6): solution (15)

This case shows new features, namely r and r; may be functions of x. For o =
+(0) — 0x), (01 + O) the matrices (38), (39) become

A —o —r A N Gt r
o ==2(0) —0): A1=( 02 9_]), A0+Ax:( (2) 0= eoc>v
? ’ (83)
N LR I — 0¥
o ==2(0; +6): A1=((2) _9_]>, A0+Ax=( 02 6|+9m>‘
2 2
The transpose matrices may be considered (namely, redefine r| > — [o*-@ —Gw)z][az—(91+9x)2])

16027,
The matrices AO and A are agam (44) and (45). For definiteness, we will consider the

upper triangular matrices A; and Ay + A, and the choice 0 = 6] — 0. We distinguish three
cases:

(D) r1 is a non-zero constant. In this case, we just repeat the general matching procedure and
find y(x) as in (48). r # 0 is constant.

(IT) r; = 0and r constant. This is a very easy case, because Al = —%‘03, A0+Ax = %03
Therefore, a fundamental solution of (37) is

gy, Yibe s 01 2 1000
Your(M) = (A =17 2%07 7 Z(=1)"2% = I+Ea3+0(k) ATz B A= 0.

The solution of (43), with r constant, is the same as the general case. The matching is

0] 000

possible as in the general case, with Ky = (x ’ 993—61 ) Therefore,
0 Xz

05 —03+0” it
AO _ 4o
_ 02— (=0,)0”~(00+0:)°] | -0 _ G100 ’

1602r 40
‘We obtain
X(Ao)lz xrxti—0
Y~ — - — = =1
x[(A) 2+ (Al — (A x[x07%%+0] -0

This is the singular solution y(x) = 1.
The case r; = ri(x) — 0 may give a non-singular y(x), provided that also
r = r(x) — 0. This will be proved below.
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() Case ry = ri(x). A priori, we do not know if it is possible to have an x-dependent
r1. This is not actually possible if we approximate (1) with the Fuchsian system (37)
(i.e., (10)). Actually, (37) is a system with reducible monodromy (upper triangular):

d\pOUT O~ Eem r 1 — %l —r 1
—Tout — 4 — Vwour.
i {( 0 433 0 & )a—1f]

There is a fundamental solution (obtained by variation of parameters):

Yo (1_)07971 0 1 r,F(1—9l,9zom—fglex—el+1;x) A@ 0
ou 0 (1_)0971 0 1 0 )L_el—zaoo .

Here, F(---) denotes a Gauss hyper-geometric function. This solution has a diagonal
monodromy matrix at A = 0 and an upper triangular monodromy matrix at A = 1, with
ry in the (1, 2) matrix element. Therefore, r; must be independent of the monodromy-
preserving deformation x. We are sent back to case (I) of constant 7.

The only possibility for r| to depend on x is that the matrices Ao, A, have a behaviour, for
x — 0, such that system (1) is approximated by a system (8) with singularity of the second
kind at A = 0. Namely, system (1) must be approximated at least by

d\IJOUT XAX A() + Ax Al
— =] —+ + —— 1 Your. 84
dx { A2 Py A—1] U 84)
Hypothesis. We consider the case
xA, = (8 pE)x)) + higher orders, x — 0.

In the above hypothesis, (84) is
dPour ({0 p)\ 1 (2= rn \1 (=% -n) |1
v {(0 o )2\ o bt ) 3 oo N Your.  (85)

Let us write a Woyr as a vector (%) The system becomes

dy, 01 — 0o 0 rno.op r
—_— = - +—+=5 — —— ,
da ( 2 2(h — 1)) 4 (A 2 o)

dyn (0 — 6 01
d_A_< 2% +2(x—1))¢2'

This system is solvable by variation of parameters. Let C; and C, be integration constants.
The general solution is

V() = CATT = 1) 7, (86)
61 —boo 0 i 1Y F(I—GI,OOQ—G]—I,GOO—QI )\)
MN=CA 2 A=1D"2+C !
Yi(d) 1 ( ) € |:900_91_1 ,
ry—p foo—0) _a
+ F(1—01,0 —01,00—61+1L; )X 2 (A—1)"2. 87)
Oso — 61

Here, F (- - -) denotes a Gauss hyper-geometric equation. The choice of the branch is such that
forO <A <1l,wehave0 <1 —A=e"(A—1).
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In order to write the local behaviour for . — 0, we expand the hyper-geometric functions
and (A — D)*/2 = (7 (1 — 1))/

01 —bo0 600 =01

0
¥y = Cpe 13035 (1+E‘A+0(,\2))+czelm ; [ p

1
146, — 6 A

001(0] — 0 +2) —2r1(6) — 0 + 1)
2(01 — 00) (01 — b0 + 1)

+ O(A)] .

O =01

. 0
Yy = Crel2? <1 — El“ 0(A2)> A2

Therefore, we can take as a fundamental solution the following matrix (choose C; =
2%, Cy = e13%):

[ 0 8 —foo P 1 pBi(B1—0+2)=2ri (61 —f+]) fo0 =01
W _ (1 +3ht ) AT [_ 40 —00 % T 2(01—000) (01 — oot 1) oo ])‘ :
ouT — 9 o0 —01
1
i 0 (1—%x+--)a
_ 0 P01 (01 —00+2) =211 (61 =6 +1) 0o
_ 0 146, 000 l + 1 201 —0) (0 Ot ) +00) )L”‘ feo o
0 0 A 0 1

6.1. Matching

The above solution must be matched with the solution of system (43), with 0 = 6; — 6:

Yo G) - [”K‘; v (i;)] (G)olzw (%)?ng, ) '

From a standard computation we find

93—(9.)(—[7)2 _r
Kl — ( 4o o+l > i r 7& 0.

3—0:=0))(O2—(O:+0)%)  (Bu+0)*=03
1602(c—1)r 40 (o+1)

Note that r in (45) is constant, because the monodromy of (43) depends on r.
The matching relation Woyt(A) ~ Ko(x)Wo(A/x) reads

0 —_2 1 1 LOLO—05+2) =271 (01 =0+ 1)
{( 140 —0nc ) 4 ( 261 —b0) (01 —Oco+1) > + O(A)}

0 0 A 0 1

o001

X X 2 0
’”Ko(x)[1+K1x+"']( . xglzew).

Namely,

0 1 A

2
0 o oo —0] 0
T 14000 ) o [* °
(0 +O > xKo(x)F| ( 0 xyl;x) .

The first equation above is

001 (01 —0o0+2)—271 (01 —Ooo+1) 1 ~00
Kalx) ~ 1 2(01—000) (01 —0+1) X 0
0(x) 0 1 0 boo—0 | -
X 2

_ _ _ foo—0)
1 Lo Ooo+2)—=2r1 (01 —Oc+1) X2t 0
2(6) —00) (01 0o +1
(6 ) (61 +1) ~ Ko(x)
0 X
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We substitute this in the second equation. For simplicity, denote by K;; the matrix elements
of K;. We obtain

0 —m N xKq + (*)K21x9°°’0‘+1 Kipx0 =01 4 (*)xKp
0 0 K21X9°°79'+1 xK» ’
where

P00 — O +2) = 2r1 (0 — O + 1)
() = 20, — 620) (01 — 0 + 1) '
The element (2,1) must vanish. This occurs iff

xOe=tl _ 0, for x —0; <= Re(lx—06) > —1. (88)
We substitute this result in the element (1, 1) and then we impose that it vanishes:

00101 — 0o +2) —2r1 (01 — 05 + 1)

2(0] — 00) (01 — O + 1)
This implies that p0)(0; — Os +2) — 271 (8] — O + 1) = o(xD1 =1y,
From the element (1, 2) we have

p 0, —fuo+1 0,-6
——— ~ Kpx"T 4 T7°) Koo 89
10, — 6 12X o(x VK2 (89)

This relation may be satisfied in two ways: the first is that p = p(x) = o(x”~%). The
second is

— 0.

IXOOC—81+]

p = px) ~ —(1+0; — o) Kipx" 70t = —pxfi=foetl, (90)

In both cases p is a function of x. We are going to prove that the monodromy of Wgyr is
independent of p(x) (namely, of x) if and only if

0 — b+ 1
o =r A o1
01
This fact rules out the first possibility, because (89) becomes
p(x)

— T~ Kpx" %+ 4 constant x p(x)x,
O — 61 — 1

so the last term in the rhs is a higher order correction and p is given by (90). Before proving
(91), we complete the matching procedure. Using (91), we find

1 gxthtat (x™5% 0 r
K ~ - , _—
o(x) (o 1 )( 0 x"*f‘) ST Tl et

We are ready to compute Ay = KOXOKO_I, where Xo is (44), for o0 = 0; — O:

Ay — ((AAOA)H +g(Ag)arx <(Afc)'2 - 28(1‘?0)11 - 82(140)21)6) x =t ) . ©2)
((A0)21X) bt —(Ag)11 — g(A)aix
The first term of each matrix element certainly contains no error.
We can now substitute (Ag)p = (=2+0(D)x"%* and A = —r(x) ~
01_?9]@:“'1 rx?% =%+l into (3), and find
9] — 900 +1
y(x) ~ W, x — 0.

Proof of (91). We compute the monodromy of the solution Woyt. At A = 0 this is given by
the matrix MPYT = expfin (6; — 0)03}, obtained by the expansion of Wour at A = 0 as we
did above, with the choice C; = €7 = 1 /Ca.
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Let us study the monodromy at > = 1. We need to expand (86) and (87) at A = 1. First
of all, we use the contiguity relation

F(1—06,06—01,06—01+1;1)

) — 0 1
=9‘ T oL =) = F(1= 61,620 = 01 = 1.6 — 613 1)].
o
This is used to rewrite ¥ :
1 =00 1 : oo —01 1 - 1_)\401
U= O = 1) % 4 Gy S - [ L A Z M
O —1 A

—o\ 1
+ P TP R =600 —6— 1,600 —61:0) |
b —6i—1 6m—1)2

Then, we substitute in y; the following connection formula:
F(1—01,000—6 — 1,0 —01; 1)
_ TO)Ir'(0x —61)
T T —1
(=01 (0o — 61)
'a—6pr@s —6, —1)
Thus, v, has the following structure, when A — 1:

F(1—01,00 —6; — 1,1 —61;1— 1)

(I="F(1,00 — 1,146, : 1=21), 6,00 &Z.

6] —boo

o0
Yy = Cre 30052 (1= )7 + Creit0 [(1 —n? Zan(l - )"
n=0

00
1Y ry—p _9
+ + 1—A)"2 bnl—)nn y
(900_91_l 900_1)( ) g ( )j|

where a,, b, # 0 are the coefficients that follow from the expansion 1/A and the hyper-
o0 —0

geometric functions at A = 1. When AET7 s also expanded at A = 1, we find that Woyr
has the following structure:

Wout
. o . o o r—p . _a
B (series))(1 —A)~2  (seriesp)(1 —A)2 + (m + wal)(senes\;)(l —1)"2
0 (seriesy) (1 — )\)671

Here ‘series’ means a series of the form Y - ¢, (1 — 1)", with ¢y # 0. We just give the
dominant term, with the choice C; = e'7% = 1 /Ca:

Your = [+ O(1 — )]
((1 _ )\)7%‘ [/J—rl + (**)FF(*&)F(&C*GO ](1 _ }“)%' + (x%) 1—‘(91)1_(9&*91)(1 _ )\‘)92‘)
X 9

o1 (T—0)T (0o —0,—1) T (0n—1)
0 (1—n%
where
14 rn—p
Oo— 01— 1 o1
Let v, w be non-zero arbitrary numbers. We conclude that

(k%) =

v w

‘IJOUT=( —1>[1+0(1—)»)]

pr L(-6)F (F—61)
0 w[ew—ll + () r(l—ell)r(ew—e.l—l)]

C@ODT (0—01)

(-nt 0 5 (o) SR e
0 a-n%)\o L[ 2 4 () PO Ot 1 )

Ooo—1 (1=0)T (Ooo—01—1)
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The monodromy matrix is then
1 LEDI (o —01)
= - * —_— 22
MOUT — g1 emintios g 0= ( v 5 Gr%) =G =5 ]> _

1[p—n C(=0)T (O —01)
0 E[aw—l + (%) F g0 Fon =0, -1

This is independent of p(x) if and only if (xx) = 0. This proves (91). O

(91) simplifies considerably the structure of (87):

0] 00 o0

_a r —01 oy
Y1 =CiA 2z (A—1) z—cze—x T la=1z.
1

With the choice Cy = exp {126} = 1/C;, we finally have
G feo -4 r) -1 4
AT (=A== (1—2)>
Yoyt = ! o0 =01 0 .
0 AT (1—=M0)7
Note. The monodromy at A = 0, 1 is diagonal: MJUT = exp{in (0, — )03}, MOUT =
exp{—im6i03}. Itis independent of ri. In case (I)—namely, r; is a non-zero constant and the
system for W, is Fuchsian—if M(?UT is in diagonal form, then M IOUT is upper triangular and
depends on ry.

o001

6.2. Higher orders terms

We may repeat the same procedure as section 5.6. We write a Taylor expansion y(x) =
01 — 0o+ 1)/(1 —0) + Zn% b,x", substitute it into (PVI) and determine recursively b, ’s.
Then, we may substitute the result in the matrix elements of A;, i = 0, x, 1, according to the
formulae of [17], and find the higher orders of the matrix elements. We just give the result:

(Boo — 01)* + 02 — 62

(Ax)ll = _(Ax)22 = 4(01 — 900)
61 [(61 — 050)* — (B — 6:)1[(6) — Os0)> — (6 + 6,)°] )
+ 24 x+ 0(x7),
8 (01 — 00)?[(01 — 00)* — 1]
_ 1 01[(61 — 0o +2)(0) — O0) + 65 — 6F] P
(Ao == {; BT S TOur e ) R

1[(61 — 00)* — (B0 — 0:)1[(61 — 050)? — (B0 + 6,)%]
(Ay)o = — 5
r 16(05 — 61)

01[(os — 61) (O — 61 +2) + 67 — 67]
“1 20 — 61 (6 — 61 + 1)

(Boo — 61)2 + 62 — 62

1
2 3
x“+0(x )} P

(Ag)11 = —(Ag)n =

461 — o)
OO =0 = (0 = 00O = b = G0 400°) ) o
8 (01 — 000)2[(B1 — Ooc)? — 1] ’
I [61 — 60)* + 65 — 67] 01 —B0o+1
(A‘])”_"{?c_2<01—ew><9w—91—1>+0(x) A
Aoy = 1O =00 = O = 071101 — 0)” = (0 +0)°]
ot 16(600 — 6,)2
0161 — 0)* + 65 — 021 3 1
{x T 20— -+ O )} x0T
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01
ADn=—-A)n = Y
_ 6il6 — 050)> — (B0 — 0:)1[(01 — O0)* — (B0 +6:)] ,

3
16[ (B0 — 01)2 — 1]1(0 — 61)? X7+ 0(x),

01
O — 61 — 1
5 [1 01+ D[ (O — 01) (00 — 61 —2) + 67 — 62]

(ADp =—r

X+ 02} xO0xt
2(00 — 01) (0o — 01 — 2)

(ADm {91[(91 — 050)% — (60 — 6,)?1[(61 — 00)* — (60 + 9x)2]x2} 1 '

167 (O — 01 + 1) (B — 61)? x01—0sct1
The above leading terms of y(x) are related to the above formulae through (3). The truncation
of (Ap)12 and (A)» above is enough to reproduce the first two terms of solution (15):

- O1 — O+ 1 01[(6) — 600)? +62 — 62 +26, — 26,.]
y(x) =
1 -0 2(1 = 000) (B0 — 01) (01 — 000 +2)

x+0(x?).

6.3. Transpose case and general result

In the above computations, the condition x?>~%*! — ( was necessary to do the matching. We

can repeat the matching procedure starting from the transpose matrices:

R _% PO Gi1=be 0 0 o0
A= 2 , Ag+A, = 2 o0 ), xsz( )
=(Cn o) a7 ) plx) 0

The procedure is exactly the same, with the necessary condition:

x0 =Pt 0, when x — 0.

As a result, we again obtain exactly the matrices Ay, Ay, A; above. The reader can convince
himself without doing any computation, simply looking at the structure of the first terms of
above matrices. For example, let us have a look at A,. Denote the constant terms with letters
c1,Ca, ..., etc. We have

Ax=<{ C1+... {;_2+"’}x91_600+1>

1
C3xX + Y —cp+---

1
_ C1+"' {sz+...}w
= {c_3+...}x9°°_0'+1 —Cp - .
X

The role of O — 6; + 1 and 6; — O + 1 is just exchanged. By continuity, the matrices
Ay, Ay, A| computed above hold for any value of 01 — 65 € Z, 05 # 1.

The matching procedure can be repeated in the same way in the case 0 = —(6,, — 6;) and
in the case 0 = +(6 + 6;), which yields (18). For these last cases, the results are obtained
just by the substitution 6 — —6;.

6.4. Monodromy data

‘We compute the monodromy data for the case 0 = 6; —6, all the other cases being analogous.
In this case, the matching has been realized by

R R (RO )

A
Your(A, x) = (

o0 —0]

0 AT 1 -0

A 1 01 —0o0
WiN (A, x) = Ko(x) W < ) ) Wo(u) = |:1 +0 (;)] uor s, H — oo.

X
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Let W(A) denote the solution of system (1) of (PVI), such that ¥ () =[] + O()Fl)])ﬁe%o‘”,
A— 00,0 €Z.

Matching ¥ < Wour .
With the choice | —A=¢ (A —1)(1 —XA >0for0 <A < 1) we have

1 o in
Wour = [1 +0 (X)} P P UL A — 00

Therefore, the correct choice for Yoy, which matches with W is

wasE" = WourCour, Cour :=e 217,
As a consequence, we obtain
(i) the monodromy of W at A = 1, oo, which is equal to the monodromy of \Ilg%tfh:
M1 — e—irr01<73 Moo — e—im%cﬂg.
(i1) the correct choice for \Pﬁ’fﬁmh = Ko(x)¥oCour-.

Matching ¥ <> WNiateh

This is realized by construction. As a consequence, we can compute the monodromy of W at
A = 0, x. In order to do this, we need the local behaviour of \Pma‘Ch()\, x)atA =0,x. We
start with Wy, recalling that

1 (1) m(u))
Eillw) &) )

Here, ¢, ¢, are two independent solutions of a Gauss hyper-geometric equation (see (A.11)
in appendix A):

Wo(u) = 17 (1 — 1) % o), Do) = (

d%p de
p(l— )2 4 (l+c—(a+[b+ 11+ Dp) -2 —ab+1)p =0,
du? du

wherea::%“+%‘+%—%‘,b+l:=%“+%‘+%‘—%+1,c+1:=90+1.Thefunctions$1
and &, are obtained from ¢; and ¢, by
1 do b—c
E=—|ndl—pn)——alpn+ @] 93)
r du a—>b

In order to have generic solutions (i.e., non-logarithmic solutions) of the hyper-geometric
equation, we must require

01 — 60, 00, 0 € Z.
Then, we have the following sets of independent solutions at u© = 0, 1, oo, respectively (we
denote by F the Gauss hyper-geometric function):

GO =F (B +%+% 0 0, 8,0 01 1+6;p),
) O (0 b0, O 0 6 _ 6o, O _ 0 .
0y =p nF(TA_io ?“—71,7*—70+71—7°°+1,1—90,M).

o) =F(2+%+% -0 %4+%48 i1 1+60:1—p),

1 2 2 272

n _ O (0 _ By b O B0 _ B 4 O _ O )
0 =U-—W " F(3-5+%-3.3-%5+3 -5 +1L1-0:1—p)

(00) _ =BGt lpb 0 000 Oty b O 1
A —:“9'2 202 (2"'2"'2_2’2_2"'2_2’900_91*#)’

(0) _ O yto jpify O, O b O b O _ O <L
oy = T R (2 s G -, 5 -2+ -5 1,240 — 0 1)

The connection formulae can be found in any book on special functions:

© (O @D (1)
[gol L ¥, ]:[(,o1 , 0, ]C01, - <arg(l —p) <m.

[0 0] = [ 0" ]Coe. O <argp <2m.
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Here, the connection matrices Cg;, Coxo are (31) and (30), respectively.
From the Taylor expansion of the hyper-geometric functions in (pl.(oo)

Iy 1 —foo
wh - DT = [1 +0 (;)} w

) 1 1 .
pF =1l = m [1 +0 (;)} poT

Ix 1 —boo
(- DFE™ = [1 +0 (;)] w',

N 0 — O + 1 1 oo =
piu—nte =22 [1 +0 (;)} W

ro

and (93), we compute:

It follows that the matrix Wo(u) = /LBTO(,M — I)HTXCDO(/L) with the prescribed behaviour
0] =000

[I+0(%)],u T % at = 00 is

% w (07 7N (10
WO(M)ZMZ(M_])2< (00) (oo))(() r )
1 2 01 =00 +1

91—t 1=t 1

‘We conclude that

Let

% 23 (00) (1 (00) (1
Match _ ANZ (A 2 (P ()_c) 2] (})
\I/INalC ()\,,x) = Ko(_x) <;> <; — 1) ( l(oo) (%) 2(00) (%) C,
‘0 fx ©) (2 ©) (2
ANZ (A e () e ()N
Ty O a8/
% o (1) (1 (D) (1
- W N (e () @’ (3) .
w0 () (1) (G o) eneme
The behaviours of the above matrix at A = x, 0 are easily computed from

X x X _A- X
pEu - DY = pF - DEFC 1o =x R ( : )x"z”u—x)"z,
X

; « '« . —A '«
pE =1 =¥ - - = <—1>9-fx—”5’+"zF<~ - x—)k% —x0) %,
X
and

0 o () % o L6 A ot
MZ(M_I)Z(/)] ZMZ(M_I)ZF("';M)ZX 22 F =) (A—x)2A2,
X

f o (o) _4 o o A o, %
MZ(M_I)Z(pZ =l‘(’ 2(M_1)2F(7M)=~x2 ZF ,— ()‘_x)z)\_ 2'
X

From these we compute
" W (0 9 "
Ko(op? (=12 (s“” é(O)) = Yo DU+ 00", A= 0

% 6 (Plil) Qﬂzél) 0
KO(X)I'LT(M_ 1)7 (s(l) (])) :wiN(x)(I-pO()\_x))()\_x)To-?’ A= x.
1 2
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Here, we do not need to explicitly give the invertible matrices %N (x) and w){N (x). From the
above procedure, we find

My = C™"(Coos explimyo3}Cob)C, My = C~'[Cono(Cy;' expfin8503}Co1) oot ]C.

We finally observe that M| and M., are diagonal, so they are invariant for the conjugation
M — CMC~'. With this in mind, we get the result of theorem 3, point (a).

We stress that Ag + A, and A, are upper (or lower) triangular matrices, and the group
generated by M, My and M, is reducible.

7. Case O, =1, 6; =0, 0 = £1: solution (17)

In section 6, we imposed that 6., # 1 and 0, — 0; ¢ Z. Here, we consider the case
O = 1,605 —6; = 1. We have

1
~ [ —3 1 S AU
Sy e

Also the transpose matrices are possible. For |A]| < |x |*N, we use the reduction (43) (namely,
(11)). The matrices Ao, A, are given by (44) and (45) with the substitution 0 = 1 or —1. For
definiteness, let us take o = 1 in the following.

For |A| > |x|%vr, we approximate (1) with d‘ﬁ% = [

2>

XA | AgtAc | Al
2 + 0 + )ﬁl] WYoyr. For
definiteness, let us consider the case when A; and Ay + A, are upper triangular. Again, we

make the hypothesis that the leading terms in x A, define an upper triangular matrix:

XAy =: <8 g) + higher orders.

Therefore, we will study

dour [ 1 (0 p 1/-1 n 1 0 —r
ax ‘[ﬁ(o 0)*7x\o )% 5i=1lo o )]Your

This is a reducible system. To solve it, we write Yoyt in vector notation Woyr = (a) The
system becomes

dy 1 p N ry dyr 1
—— =Y+ | =+ — = , = = —.
dx i (AZ ) A—l)wz TG

The solution obtained by variation of parameters is

U1 = CiA" T+ Coa 2 (plnk — r In(h — 1)), U = Cail, C,,Cs e C.

We can choose the following fundamental matrix:

v A2 A"Z(plni —r In(r — 1)) A7E0 1 plnx) /1 —rln(—1)
oUT=\ o e “Lo i )\o 1 0 1 '

Its monodromy relative to the loops A +— A emand (L= 1) = (A — 1) e s, respectively,

-1 —2mi 1 —2mir
‘I’OUTHWOUT( 0 _1'0), ‘I-’OUT'—>‘1’0UT<O | 1)-

Therefore, p and r| must be independent of (the monodromy-preserving deformation) x. We
observe that any fundamental matrix solution of the form

Wour <é f(lx) )
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has the same monodromy of Wqyr, for any arbitrary function of x. This fact will be used soon,
with the choice f(x) = —pInx.

With the choice of the branch of In(A—1) = In(1—A)+ir (ie., (A—1) = 7 (1—1), | —A >
0 for 0 < A < 1), it is convenient to redefine Woyr by

—_— AT 0N (1 plna)[1 —rIn(—=D\ /(1 irr
o=\ 5 i) o 1 0 1 0 1

(1 =2md =\ (A 0\[1 pha
—\o 1 0 Az 0 1 :
Therefore,

1
(1 n 0 inr ) e A A72 0 1 plni
\IJOUT_|:<O 1)*(0 0 )Zn+l o »J)lo 1) 70

n=1

7.1. Matching

The solution Wy (%) has been introduced in section 4.7:

(@)=l ) (el ) mchon

Some adjustments are necessary. Let us consider the permutation matrix P := ((1) (1)) and
redefine

1 0 1 —plnx 1 0
‘110'—>‘1’0P<0 R“)’ lI‘OUT'—>‘IJOUT(O 1 )(0 p‘1>'

As we have already observed, this redefinition does not affect the monodromy of Yoy, which
is independent of x. The matching relation Woyr(A) ~ Ko(x)Wo (A/x) becomes

(1 r1><1 0)<,\-% 0)(1 1n§>
o 1/)\o & 0 rJ\0 1
1 O\ /x> O A0 1 Ink
NKO(X)P 1 1 1 * .
0 +/\o0 x o »/J\o 1

The matching is thus realized, with the choice

K 1 4 x_% 0 p % 1 Rx? 0
(0 2= C 0 0)

It follows that

D=

001 | ry =600’ 1=0t0") . _p 4 o S04 1] (1= (O0=60)[1 = (60+6,)°] |
A 4 P 16 x 1 2 P 16
0 ==
1 =601 = E0+6:)’] _BO o D000’ 1= 00400 ’
P 16 4 P 16
03—62—1 —(B0—6,)21[1— )2 02—02+1 2 [1—(6p—0,)*][1— 2
; (i %[1 Gy Hx)llél @0t6,)°] Ly p 20 +%[1 6 9")1](51 @0,
e 1 [1=(60=00)%11— (B0+6.)°] R0y [1—(B0—00)1[1—(B0+600)°]
X + X
) 16 4 P 16

The leading term of each matrix element certainly contains no error. Note that 7 has simplified.
Actually, the constant p plays the role of r.

We will not repeat again the discussion for the higher order terms. The matrix elements
are Taylor expansions, corresponding to a Taylor expanded y(x), the convergence of which
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is proved by a Briot—-Bouquet argument. The first two leading terms of Ay and A, above are
actually correct. In particular, we need

62 —62+1
(A =—=+r———+0(x).
X 2
The leading terms of A; are
2 2 2 2
( L (@991 2 4 (%) i+ 88 0% )
A = .
1 (0= = (Bo+6.)* 12 1—(60—=60.)21[1— (B+6,)>
%[ () )1]0£4 (Bo+ )]x4+0(x5) _%[ (B )3]£ (Bo+ )]x2+0(x3)

The above truncations of (A1);> and (Ap)i2 correspond to the first two terms of the Taylor
expansion of solution (17), through (3):

1— —1
(1462 —0))x + 0(x?), where a:= (1 - r—l) . (94)

0

yx) =a+

Observe that a depends on the monodromy datum %.

7.2. Monodromy

The matching Wiy <> Yoyt has been realized by

AT 0N (1 plnaA\ (1 —rnlnG—1) ! —Inx+ir?
WYour = | ,
0 A2 0 1 0 1 0 1
P

and

Uin(1) = Ko(x)Wo (1) (1 0 R= o

wn=[reo(](5
iz 0 w2

Namely,
o ~ Ko )P<x% 0 (x—é o> 1 1n§>
TR 0 et/ VL0o ) \o 1 )

for u = A/x = o0, |A| < |x|°™, x — 0.

0 R! ) [0 +6x)* = 11[(6p — 6:)* — 1]
0

Matching ¥ < Wour
The correct choice of Wyt must match with

1 -
V=|/+0 X AT BAE, A — 00, Ooo = 1,

where L = (g P 6"). This form of L follows from the standard theory of Fuchsian systems

and from the expansion of system (1) at v := % — 0:

dvw o3 1
— === (A1 +xA)+0W) | V¥, v — 00.
dv 2 v
Thus, L1 = —(A; + xA,)1.2]|x=0 = r1 — p (this is computed from the expansions of A; and

A, at x = 0 obtained before). We expand Woyr at A = co. We easily get

B i, (1 _ In A 1 ir2 —Inx
Wour = [I + OO H]r 23 (0 (o ’i]) n )(0 p | >
P
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Therefore, the correct choice is
-1

1 ir? —Inx 1 plnA) (1 —rln(x—1
\Ilgﬁlfh:‘l’om(o " ) :r;(ﬁ(o pl )(0 " g )>'

As a consequence, we obtain the following:

(i) The monodromy of W at A = 1, co. This coincides with that of \II(I\)’[S‘TC", which is easily

computed from the local behaviour:

wio) =06 -ni(o TETD) s

Thus, for (A — 1) > (A — 1) exp{27i} and A — A exp{27i} the monodromy is

1 —2min -1 2xwi(r; — p)
M1_<0 1 ) Moo_<0 n-ey.

(i1) The correct choice of Wy, which matches with W. This is

1 i —Inx\"' 1 Inx —inr
YN x) = Un(A, x) (0 g ) = WN(A, x) <0 P 1)

L P

— (0 o/R

= Ko(x)Wo(u)Cv, Cn = (1 plnx — inr1> .

Important remark. Cpy depends on x. But the monodromy must be independent of x. For

this reason, we will have to consider the substitution
WP > NN () ! = Ko () Wo ().

This makes the monodromy at A = 0, x independent of x. The corresponding transformation,

Match Match —1
Your = Your O s

changes M|, M., but does not introduce a dependence on x. Namely,

1 0
M, +— CNM Ciy~ ' = ,
1 INMTUIN <—27‘[i%R 1)

-1 0
Mo > CNMoCin™' = .
00 INMoo CIN <27’[1<%—1)R _1)
Matching V < Yy
W and \Pma”h (A, x) are matching by construction. The monodromy of ¥ at A = 0, x coincides
with that of \III]}’[\,a‘Ch (%, x). In order to compute it, we write

Wo() = p? (1 — 1% Do), Do(u) = (‘Pl 902> _
&1 &

d satisfies (46) with o = 1. It is expressed in terms of two independent solutions ¢;, ¢, of
the Gauss hyper-geometric equation (see appendix A):

& d
wd =L i sc—@r+11+ DL —a+1)p =0,
du? du

where
6y 6, 1
= — + -,
2 2 2
From ¢; and ¢, we compute

1 do; b—c .
éiz—[u(l—u)i—a(,u+ )(pi], i=1,2.
r du a

3
+—, c+1=0y+1.
2
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We need a compete set of solutions at u = 0, 1, co. Since a — b is an integer, we have
a logarithmic case. We briefly explain some preliminary facts. Let us consider a Gauss
Hyper-geometric equation in standard form
d? d

(7 ¢ _
M(l—M)d—lﬂ+[y—(a+ﬁ+1)u]@—aﬂ<p—0

(o, B, y here are not the coefficients of (PVI)! We are just using the same symbols only here).
Logarithmic solutions at 4 = O may occuronly if y € Z,atu = lifa + — y € Z and at
u = oo if a — B € Z. Several sub-cases must be distinguished, and this is not the place to
discuss them.

Inourcase ¢ = a,B =b+1and y = ¢+ 1. Therefore « — § = —2. This case is
logarithmic. Two independent solutions are

) _ B B T A a2 _ 1
o =u"g(B.B-—yv+1,1+8—a; = (in our case) [ g1|B, B—y+1,3; —),
I m

ORI 1 - - ]
¢, =u’F ,3,,3—y+1,1+;3—a,; = (inourcase) u " F ,3,,8—y+1,3,; .

Here, F is the Gauss hyper-geometric function and g is a logarithmic solution introduced in
Norlund’s paper [22], p 7:

w—1
gi(u, v, w; ) = ;(—D””(n - 1)!%5 + F(u, v, w; 2) In(—z2)
+ iw[lﬂ(l —u—n)+y@+n)—Yw+n) — Y +n)l"
= nl(w), ’
where
Y(x) = iF(X), u#1,2,3,...;
dx
lz] <1, In(—z) <0 for —1<z<0O.

Note that the first sum "~ (=1)"~" (n — 1)! @2 L s 4 polynomial in 1/z.

W), 7"

If 6y, 6, & Z, we fall in the non-logarithmic cases at © = 0, 1. Thus,
6y O 1 6 6, 3
0) 0 X 0 X
=F|—-+——=, —+—+=,1+6p; ,
1 (2 2 222ty T “)
6y O 1 6 6, 3
) __ 790F 0 X 0 _X+_1_9.
M < STy Ty Tty 0s 1) -

o)) = — Do
6 6. 1 6 60 3
(1) 0 X 0 X
=F|—-+-—=, —+—+-,14+6,;1— ,
21 (2 2 a2ttt “)

6 6 16 6 3
¢§1)=(1—u)‘(’*F<—0————,—°——+5,1—9x;1—u>.

2 2 22 2
(00) 63 6 6, 3 6 6, 3 1
oro=aE 26”(3*7*5"3 3*5’%)’
3 6 6, 3

1
+ =+, ——=+=+=,3;—].
S T T S
: . © O @ (D7 .
The connection matrix between [¢] ", ¢, | and [¢] ", ¢, ] is a standard one:

[0, 0" ] = [01". 03" ] Cor. 0 <arg(l — p) < 2m,

where Cy; is (31).
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On the other hand, the connection matrix between [go}o), (péo)] and [(pfoo),(péoo)] is
computed in [22]. Our specific case falls in the case « — 8 = —p, p > 0 integer. From [22],
p 27, case 11, formulae (1) and (2), we deduce the connection formulae

_FB—a+DHI'd -yp)
T —-a)l(B—-y+1)

1
(_/vl')a_ﬂF <:3_V+1’/371+/3_05; ;) (_/J‘)O[F(O[vﬂv J/,M)
+F(ﬂ—a+1)r(y—1)
Ly —a)l'(B)
a—p . 1 _ a—p
(_/'L) g1<,8—)/+1,,8,1+ﬂ—0[,;)—(—1)

X (=) " Fa—y+1,—y+1,2—y;p).

Here, |arg(—n)| < m,In(—p) > 0 for —oo < pu < —1. The branch cut in the p-plane is
[0, +00). As for the minus signs, we choose —u = e " u, then 0 < arg © < 27. Moreover,
in our case (—1)*~# = 1. With this preparation, we can write the connection matrix:

(W "™MFa—-y+1L,p—y+1,2—y;p),

FA+B—a)I(1 =BT (a—y+1)
re-y

[0 0] =[¢”. 03" [Cx0. 0 <argp <2m,

where Cy 1s (32).
In order to write \I'Mawh in terms of the (pl.(oo), let us compute the behaviour for © — oo of

o 9
MGU/Z(M _ 1)0}(/2 ( (00) (o) ) .
1 2
‘We have
% & (c0) 32
2 —1)2 =
w2 (u )2 @ [(Bo +6)% — 11[(By — 6,)% — 1]

1 1
XM%[1+0<—>}+H—31w[1+0<—>]
% %
0 % (00 3 1
urp—h2r¢,  =p72|1+0 )|
. 2 1 !
W (- DFE™ = —ome In [1 +0 (;)] +0(u2),

X 2 1
pd - EE =Sy [1 +0 (—)] :
r 2

Therefore,

‘% e ‘Pioo) §0§00) 1+0 1 Loy 1 0 _%
2 — 2 = - 293
m2 (= 1) 09 £ AW Ring 1 0

We conclude that the matrix Wy used in the Woyr <> Win matching is

S O
v

(00) (c0)

% o (P1 2
\POZMZ(M_I)Z( (00) (OO))C’
& &

_ 2 o2

C (—Rg 0> _ ([1 (€010, Go=6)" =1 0)

: r _
U 0 :

As we have already remarked, we do the transformation Wl o pMache =1 "o
compute the x-independent monodromy at A = 0, x. This means that we have to compute the
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monodromy of
[

A\ /2 T o™ o
atcl - 1
\I%”‘CINl=Ko<x>wo<x/x>=1<o<x)(;) (——1) ((w (oo))c,

0] o 0 (0
A\ 2 A 2 [ (2
= KO(X) <_> (_ - 1) < :0) (0) ) COOOC9
X X 1 52
] L 1) (D
A\? (A A ®,
= KO(X) <_> <_ - 1) < :1) ) ) COICOOOC-
X X 1 52

In order to do this, we observe that from the definition of gofo), (péo) if follows that
b (0) ()

A % A ) .
Kol (J_C> (; - 1> < 120) (?0)) =Y )T+ OW))A2 ™,

for A — 0. From the definition of (pfl), gz);l), it follows that
w1

Ko(x) (5> (ﬁ - 1) 2 < » w@) — N+ O — )k — 1) F,
X X h )

for A — x. It is not necessary here to explicitly write the invertible matrices w(I)N (x) and
l/f){,N)C. The above construction implies that \Illl\flmh Cl&l has monodromy matrices at A = 0, x,

respectively, given by

Mo = C™'(Co0) ™" explimb003} Coco

M, = C ™ (Coo0) ™" (Co1) ™" explim 6,03} Co1 Coco C.
These matrices coincide with the monodromy matrices of \IJCI;II.

As a last simplification, we consider the transformation M — CMC ~1. We obtain the
result of theorem 3, case (c). Namely,

-1 0
My = (Coop) ! explim8y03} Coco, My = )
0 = (Co0) plim 603} Coco 0 (Zni(l—%) _1>
m=(. 1 0 M, = (Coo0) " (Cor)~" explin 6,03} Co; C
1= 2ni% 1) x = (Cooc0 01 p x035001C 00-

We observe that r does not appear in the monodromy matrices.
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Appendix A

Proposition 2. Let By, B) be 2 x 2 matrices such that
eigenvalues (By) = 0, —c, eigenvalues(B;) =0,c —a — b,

and By + B, is either diagonalizable:

Bo+ By = (—Oa _Ob> (it may happen that a = b)
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or it is a Jordan form:

—a 1
By + B = < 0 _a) .
Then, By and B can be computed as in the following cases. Let r, s be any complex numbers.

(1) Diagonalizable case

Casea # b

B < A > B ( . ) #0 (A1)

0= —c)(c— c—a ’ 1= —c ’ r .
ub(ra(a_);s)z 2 b;,b) _(BO)ZI b(ab,b)

. 0 0o -

ifa =0: B0=<O _’C>, B1=<0 C_’b>, (A.2)

ifb=0: Boz(_oc (r)) Bl=<06“ _Or>, (A.3)

ifa=c#b: Bw=(316>, Bw=<8:l>, (A4)

o 0 r —-a -—r

ifb=c+#a: B():(O _b), BI=<0 0). (A.5)

Cases (A.2)—(A.5) are already included in (A.1).

Case a = b. We have two sub-cases:

fa=b=c: Bo=(:€(c_+s§ ;) B1=<s(cs+s) —c_:s>’ (A.6)
ifa=b=0: By = (:i(;f Z) , B, = —B,. (A7)

The transpose matrices of all the above cases are also possible.
(2) Jordan case
Fora # 0and a # c, we have

r r(r+c) —a—r 1— r(r+c)
BO — a(a—c) , Bl — a(a—c) . (AS)
a(c—a) —c—r ala—c) c—a+r

Fora =0, or a = ¢, we have two possibilities:

0 — 1 —
m=(0fJ, &=<§ ﬂjg; (A.9)

—c r c—a l—r
By = ( 0 O)’ B, = < 0 p ) (A.10)
Proposition 3. Let By and B be as in proposition 2. The linear system

e ()= [2-55)(0)

or
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may be reduced to a Gauss hyper-geometric equation, in the following cases. Diagonalizable
case (i.e., from (A.l) to (A.7)):
d%e de
(l—2)—+{+c—(a+[b+1]+1)z)— —a(b+ 1 =0. (A.11)
dz? dz

The component & is obtained by the following equalities, according to the different cases of
proposition 2. Cases (A.1)—(A.5):

In do b—c
E=—-|z(l—2)— —a|z+ ol. (A.12)
rL dz a—>b
Case (A.6):
[ d
E§=-z( —Z)—¢+(c+s —cz)(p].
r L dz
Case (A.7):
17 do
E=—|z(l=2)—+(c+5)o|.
rL dz
Jordan case (A.8). The equation for ¢ is in Gauss hyper-geometric form only when r = —a.

In this case, the matrices (A.8) are

—a 1 0 0
BO:(a(c—a) a—c)’ Bl:(a(a—c) c—2a>'

The equation is

d2(p d<,0 2 d(p
Z(I_Z)d_Z2+[1+C_(2a+1)Z]d_Z_awzo’ EZZd_Z-'-a(p'
Jordan case (A.9). Forr = 1 we get
dp d
fora =0, z(]—z)d—zz+(1+c—z)d—Z=O,
d? d
forc=a, =2 i+a—a+1))L+(-a>- 2L )p=o0.
dz? dz 1—z
The Gauss form appears only when a = 0.
Jordan case (A.10). Forr = 1 we get
2
% de
ra =0, 1—-2)—+(1+c—2)—+ =0,
fora =gz +(te—gm+ 9
d? d
forc=a, =L i(+a—Qa+1))2L —2p=o0.
dz? dz

Forr # 1,we do not get a Gauss hyper-geometric form for the equation of ¢ in both cases (A.9)
and (A.10). Nevertheless, the matrices are in upper triangular form, so the equation for & is
solvable by elementary integration.

As a compendium to the above proposition, we recall that any irreducible representation
of 71 (CP'\{0, 1, 00}) — GL(2, C) can be realized as the monodromy group of a Riemann
(or Gauss) equation. A reducible representation (namely, My, M, M, are in upper triangular
form) can be realized by the monodromy of a 2 x 2 Fuchsian system

d_Y — I:E + Bl :| Y’
dz z z—1

where By, B; are 2 x 2 upper triangular matrices. We also state the following:
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Lemma 12. Consider a 2 x 2 linear system

Y@ _ ooy, AD) = <agz) b(z))

dz c(z)
such that A(z) is meromorphic, with poles ai, a, ...,ay,00. The monodromy group is
generated by N upper triangular monodromy matrices:
(@) (i)
A R .
Ml=<(l) )é”)’ l=1,2,...,N,

where A(li>, A(zi), R are constants (i.e., they are independent of z) given by

A = exp(2miResa(z)l, ), A) = exp2miResc(z)ly,},

) zexp{2mi} u (S) . . < I/lz(s)
R(’)zf dsb(s)—= + (1) =2 f ds b(s)——.
; u(s) (A1 >) " ui(s)

R depends on a chosen non-singular base point zy, but not on z. One of the non-zero R®¥)
can be put equal to 1, by redefining

1 0

Proof. Let us write Y = (;;) and the equation in the form

dy dy,
— = a(@)yi +b@)y. = =@
dz dz
Let zo # a;,00,i = 1,..., N. The second equation has solution y,(z) = C,u,, where

Uy 1= exp {f;0 ds c(s)}, C; € C. The first equation becomes

d
o =@+ GO, (A.13)

We solve the first equation by variation of parameters. Let u;(z) = exp { fz ZO ds a(s)} be a

fundamental solution of the homogeneous equation dd~—vz' = a(z)y;. We look for a solution of
(A.13) of the form y,(z) = w(z)u,(z). Substitution gives

d
—w = Czb(Z) MZ(Z) — IU(Z) = CzU(Z) + Cy, C, e C,
dz u1(z)
where
us(s)

v(z) = /Z ds b(s)

20 MI(S)‘

The general solution of (A.13) is y1(z) = Ciu;1(z) + Cov(z)u;(z). Then, a fundamental
solution for the initial system can be chosen to be

_(u1@ v(@Dui(z)
Y(Z)_< 0 us(2) )

We compute the monodromy for (z — a;) — (z — a;) e2™1. We have
ui(z) — )L(li)ul(z), )L(Ii) = exp {27i Res a(2)l,, },

@ @ - (A.14)
ur(z) = Ay u1(z), Ay’ =exp {2711 Res c(2)lq }
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v(2)u(z)

By linearity, the vector solution ( u2(2)

) is transformed into a linear combination of two

independent vector solutions:

i) u1(z) @) v()ui(2)
R ( 0 )+S ( 1 (2) )

Moreover, S%) must coincide with 1\, because—by virtue of (A.14)—uz(z) > A uz(z).

Namely,
(U(Z)MI(Z)) o RO (ul(z)) 20 (v(z)ul(z)) RO < C
0 ’ )

us(z) us(z)
Thus,

Y(2) = (Ml(z) v(z)m(z)) = (XY)m(z) Aé”v(z)u1<z>+R(i)m(Z))
YTl o0 we 0 Wus(2)

A(i) R®
0 A

Let C; be a small loop around a;. To find R, let us observe that u;(z)v(z) +
21 (2)0(2), where B(2) = v(2) + Ki(2), Ki(2) := [P ds b(s)%2%3. Thus,

uy(s)

V(@) = (m(z) v(Z)ul(z)) . <ki"’u1<z> M@ @) + &-(z)m(z))_

0 us(z) 0 AP, (2)
We must have A\ v(2)u;(z) + Ki (2)u1(z) = A v(2)u; (2) + RVu, (z); namely,
i (i) @)
RY = K@)+ (A} — 15 )v(@). 0

Appendix B. Formal asymptotic expansion

(1) We consider systems (59):

dy D; < D, .
— = Q+—+ — | Y := D(2)Y, Q = diag(wy, wy, ..., wy,),
dz z e

with w; # w;, fori # j. We introduce a gauge transformation ¥ = G(z)Y, such that

Y 4 1, 4G @) ] 5
— =G ()D@)GR) -G (9)——|Y
dz dz
be the simple form
dy Q7 - ,
—=|Q+—|Y, Q,Q; diagonal.
dz z
Formally, we write G(z) as
G, G
7 — 00.

C)=I+—+—5+",
z  z

If G,;’s can be determined, we get the formal solution

o0
G,
Y(2) ~ [1 +) Z—n} exp(z2+QIn(2)},  z—> oo,
n=1

For a sector of angular with = + €, € > 0, sufficiently small (but finite and non-zero), there
exists a unique solution Y (z) with the above asymptotic expansion [3].
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In order to determine G, and Q;, we solve D(2)G(z) — 3,G(z) = G(2)(S2 + Qiz™1):
o0 oo o0 o
D, G, n—1G,_ G, ( Ql)
Q+ — 1+ — |+ —_— =1+ — | {2+—).

We identify equal powers of z~!. From the power 1/z we get

(D)

Q = diag(o}", ..., o), o = ()i = (D), (Gij = — :
w; — wj

From the power 1/z2, fori # j, we compute (G»); j,and for i = j we compute
(Gii = —(D2)ii = »_(DDix(G1)ii-
ki

From the power 1/7" we get

1
(Gn-t)ii = =7 ) ~(Dn+ Dy Gr o+ DyGua)ii — > (DD (G f -
ket

@iy = {[wﬁ” — o) = (= D](Gp1)ij — ;wl)ik(cmw
_(Dn+Dn—lG1+"'+D2Gn—2)ij}v i#£j

(2) We consider system (60):

i—: = |:x2Az +xA + % + i‘ f—] Y := E(z)Y, A =diag(A1, Az, ..., Ay,

with A; # A;, fori # j. We introduce a gauge transformation
Y(2) = K(2)Y(2)

in order to reach the simple form
dy

— = [K“(z)E(z)K(z) -K'(2)

dK(z)} 7
dz

dz
2 A1 ~ .
=|x"Az+xA+—|Y, A diagonal.
b4

Formally, we write
K, K, K,
KQ~I+—+—+...=1+ ——
(2) el >
Provided that we can determine the matrices K,,, we obtain the formal solution
o0 2
K, X 2
Y(z) ~ [1 + X; Z_”] exp {?Az +xAzA lnx} .
n=

For a sector of angular with % + €, ¢ > 0, sufficiently small (but finite and non-zero), there
exists a unique solution Y (z) with the above asymptotic expansion [3].
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In order to determine K, and A;, we solve E(2)K (z) — 3,K (z) = K (2)(x2Az*> + Az +
Qiz7h):

o0 o0 o0
E K - DK, _
<x2A12+Az+Z—:) (1+Z—j>+2u
Z Z
n=1

n=1 n=2 4
oo
Kn 2 2 Ql
=1+ — | (x"Az"+ Az+— ).
(12 %) :
n=1
We identify equal powers of 77!,
Power z. Itis an identity: x?>A = x?A.
Power 7°:
xA+x°AK =xA+x°Kj1A = [A,K]=0.
This means that K is a diagonal matrix.

Power 1/z. We obtain the equation

(EDij

2
A,K =A—E A ,',‘:E iis G ij = s
x7[A, Ko 1—Er = (A= (E) (G2)ij P 0n =)

i
Power 1/z?. We obtain the equation
E, —

Ay
—— + KA — E\K|— K| — E;.
X

X2[A, K3)=x[Ks, A1+ KAy — E\K| — K, — E,=
Thus,

1 1
(KDii = —(E2)i; (K3)ij = 20 |:(E1)ij (; + (Ez)jj> - (Ez)ij:| s LFEJ.
i j

Power 1/z%. We obtain the equation

xz[A, K4] = x[K3, A] + K2A1 — E1K2 — E2K1 — 2K2 — E3.
The diagonal part gives

2(Ka)ij = [(E2)iil> = (Ea)ii — Y _(ED)ix(K2)ii-

ki
The non-diagonal part gives (K4);j, i # j.
We content ourselves with these results, namely, the determination of K; and K,. With

the same procedure, we can determine all K,,’s.

Appendix C. Birational transformations

All the solutions of (PVI) of the form
y(x)=b0+b1x+b2x2+~-~+bNxN+~-~ (C.1)
are obtained from the matching procedure of sections 5-7. By this we mean that solutions
of type (C.1) are the solutions given by the matching procedure or they can be obtained from
solutions given by the matching procedure via one of the birational transformations of [23]
and the transformation (19).
Birational transformations are symmetries of (PVI), namely invertible transformations

oy Pl y(x) , p)
yx) = ————, x = ;
Qx, y(x)) q(x)

(005 9)67 917 900) = (0(35 9)/57 9/ 9, )

1’ Yoo
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such that y(x) satisfies (PVI) with coefficients 6y, ;, 01, 6o, and variable x, if and only
if y'(x’) satisfies (PVI) with coefficients 6, 6;, 0], 6., and variable x’. The functions
P, Q are polynomials, p, g are linear, the transformation of 6,’s is an element of a linear
representation of one of the following groups—permutation group, the Weyl group of the root
system Dy, the group of translations v := (v, v, V3, v4) = v +ej, j = 1,2,3,4 (where

e; =(1,0,0,0),...,e4 = (0,0,0, 1))’
* Permutation group

xts 00 =6, 6,=01; 0.=0,, 60.=0 Y®)=yx)—1, x=1-x".

o0

1
X% 0 =60—1, O =6+1; 6,=6, 0. =0, Yx)=—, x=
y

Xt 0i=0,, 0.=00 0,=60, 0 =0x; Y= x= o
X —
* Weyl group
w0 =—0;; 6y=060, 0,=0, 60 =0x.
6y + 6 +6, +0

wyt = ————— 1, 6, = 5 +1,
6o — 61 +6, — 6, o — 6 — O, +6
o, =21 * 41, o, =27 > 41,
2 2
wz: 0 =2—0x; 6y =0, 0. =6,, 6 =06.
wy: O, =2—00; 0.=2-0 0, =60, 6, =0.

The variable x’ = x, but y’(x) is quite complicated and will not be given here (see [23]).

*Shiftl; tvi—> v+e;

Li: 0, =00+1, 0/=0+1; 0. =0,, 0 =0u;
L:  6,=60+1, 0] =6—1; 0, =0, 0 =0u;
L 0 =0,+1, 0 =0+ 0, =60, 0] =06
L:  0L=0,+1, 6 =60—1; 0, =60, 0] =0.

The variable x” = x, but y’(x) is quite complicated and will not be given here (see [23]).
For the Taylor solutions, we have o = 0, — 6. Denote o’ := 6] — 0. If we start from
a Taylor solution constructed in sections 5—7 by means of the matching procedure, developed
for 0 = 0; — 0, then the birational transformations allow us to obtain the solutions defined
foro = +(0) £\ F6x) +n,n € Z. This is a consequence of the following actions:
lyand Is: oo =0+1; I and I5: oo =0—1;
ws - - ot 0 =60 +60; w w3l -liio— o =—o0.

Note also that (PVI) is invariant for 6, > —6;. This maps o + —o. Other actions are

wi (7/:—(01+900);

ws: o =o0;

w3 o' =60,+605 —2;

Wa: o' =0 +6 — 2. x' o =0y — O
X2 o'=0,—6y; x: o =0, —0s=o0.

7 We note that 0y, 6,, 6 are defined up to the sign. Moreover, O, is defined up to O + 2 — 6, and for this reason
symmetries are described in [23] in terms of Yoo := 0o — 1.
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Appendix D. Examples of Taylor expansions

We give the solutions of (PVI) of the form y(x) = Y - b,x", by # 0, depending on the
value of the coefficients 0y, 01, 6y, 0. Similar examples can be constructed for solutions
y(x) = >0 byx", by # 0, by the symmetry (19).

We observe that, in general, the free parameter appears starting from some power x”. If
we truncate the series at x™~!, we cannot see it.

We always denote by b, the coefficients, though they change case by case.

* Example 1. (PVI) always has one solution (15) when 6,, — 6, € Z and one solution (18)
when 0, + 60, € Z.

* Example 2. Case 61 + 65, = 0.

(i) There are solutions (16), if 6, = £6y, O # 1.
(i) There is a solution (15), defined for 6, # 1, 25, where n € Z. The condition 0y, # 2
follows from the condition 8; — 6, # n in (15), when 6; = —0. The denominators of
the coefficients b, vanish for half-integer 6, and for 6, = 1.
(>iii) For 6, = 2"; L solutions y(x) = Z:o:o b,x" in (ii) are not defined. On the other hand,
solutions (16) are defined, provided that 6, = 46). Moreover, for a given 0., = 2”2” s
there may be solutions equivalent to (16), provided that 8, £ ) assumes some integer

values. For example, consider 6, = % We have (16):

3 1 nd 3
y(x) =—2+ax+ (95 —1+Ja- 5613) X%+ ;bn(a; b. X" 6 =Hhy;
and a solution equivalent to (16):
oo
Y(x) =4 — Q@+ 0)x +ax’+ Y by(a; 6o)x", 0, = £(1+6p), (1 — 6y).
n=3

@iv) If 65, = 0, 1, we do not have any solution of the desired form, except for the singular
solutions y = 0, 1. If 8, = 2, we have a solution equivalent to (17). The parameter «a is
the coefficient of x3 (coefficients of x°, x and x> have no parameter).

* Example 3. Case 6, — 6; = 0.

(i) We have solutions (16).
(ii)) We have solution (18), with the substitution 8; = ... This is defined for 6, # 1, 2"2+ L

(iii) For 6, = 2”2”, we find solutions of exactly the form (16), when 6, = +6y. Moreover,
for any given 0, = Z”T”, there may be solutions equivalent to (16), provided that 6, % 6,
has some integer value. For example, consider 6, = —%. There are solutions (16)
@="2rars3 b, (w00 -1 6, =0
X)=—-+ax wla, 6o, —= ) x", x = ;
y 3 s 075 0
and the equivalent solutions
4 24£6 d
y(x) = = — Sx+ax®+ Y by(a; 60)x", 0, = £(1 +6) or £ (1 — 6p).
3 9 =

Another example: consider 6, = % In this case we just have (16) or the singular solution
y=1.
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(iv) For 6, = 0,1 we do not have solutions of the desired form, except for the singular
solutions y = 0, 1. If 6, = 2 we have a solution equivalent to (17). The parameter a is
the coefficient of x3 (coefficients of x°, x and x> have no parameter).

* Example 4. Case 6 — 0o, = —1.

(1) We have solution (18), defined for 6, # 1, 2141 where n € Z.

(i) For any 6, = 2”2+ L solutions (16) are defined, when 6y & 6, = 0. Moreover, solutions

may exist equivalent to (16) by symmetry, provided that 6, & 6, is some integer.
(iii) For O, = 1 we are exactly in case (17).

(iv) For 6., = 0, 2 we have solutions equivalent to (17):

0 —6* -3 0o — 0:)? — 91[(6 + 6,)> — 91(63 — 62
vy =2 0= =3 ey [(6o ) 1060 + 1) 165 — 67)

6 4320

02 —02+3

U Sl }x3
6
* Example 5. Case 6; — 0, = 1.
(i) We have solution (18), with the substitution of 6; = 6, + 1, and defined for

O # 1, 2 n e Z.

(i) Equivalent to (16) by symmetry, we have the solution

2 (Bso + D(2 £ 6p) .
= + + + b,(a, 0, 00)x",
y(x) 0. 3w —1) T ; (a, Ooo, ) x

0 # 0, 1; 0, = £(1 —6y) or + (1+6p).
The two signs in the coefficient of x depend on the choice 6, = £(1 — 6y) or (1 + 6p),
respectively. Similar change of signs occur in all the coefficients b,,.

(iii) If 8 = 0, the solution in case (ii) is not defined (denominators in the coefficients b,
vanish). We have anyway a solution equivalent to (17):

62— 6% -3 >
y(x) =2+ OTXX +ax’+ an(a; Oy, Os0)x™.

n=3

If 65, = 2, we have a solution equivalent to (17). The parameter a is the coefficient of x*
(no parameter in lower powers of x).

@) If b = 2”2+ L the solution in (i) is not defined. Solutions exist equivalent to (16), provided
that 6, % 6, is some integer.

(v) For 6, = —1, we have a solution equivalent to (17):

a(6? — 62 +3)

o0
p x3+an(a;90,9x)x”.

n=4

y(x) =1+ax*+

(vi) For 65 = 1, solutions of the desired form do not exist, except for y = 1.

We could proceed at our pleasure, choosing any value 6,, £ 6; integer. We would always
have solutions of three kinds: (1) one out of the two solutions (15) and (18), (2) solutions
equivalent to (16)—at least when 6 is half-integer—provided that 8, £ 6y is some integer,
(3) solutions equivalent to (17), for 6 equal to some integer.
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